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1 Brownian Motion

1.1 Symmetric Random Walks

Suppose we toss a fair coin where the probability of it landing heads is p and the probability of it landing tailsis ¢ = 1 — pi.e., a fair
coinp =q = % For outcomes w = wiwaws - - - where w,, denotes the outcome of the nth toss, we define,

1 i=H
Xj—{ e
-1 OJj:T

Then, a Symmetric Random Walk for k = 0, ..., K is defined as,

K
My => Xk
j=1
Theorem 1.1. Properties of Symmetric Random Walks

(i) Independent Increments. My, = (My, — My,), (My, — My,),...,(My,, — My, _,) forO=ko < k1 < -+ < ky,, are the
increments of the Symmetric Random Walk and are independent.

(it) Variance and Expected Value. E[M),, ., — My,] = 0 and Var(My, ., — My,) = kip1 — k;.

i

Proof.
ki1 Eit1 ki1
E[M,, —Mi]=E| > X;| = Y E[X;]= > 0=0,
j=ki+1 j=ki+1 j=ki+1
kit1 Eiy1 ki1
Var(My,,, — My,)=Var [ > X; | = > Var(X;)= > 1=k —k.
j=ki+1 j=ki+1 J=ki+1

(iii) Martingale Property. E[M, | Fi| = My, forallk < ¢.

Proof.
L k £
My=Y X;=> X;+ Y X;=M;+ (M~ My).
j=1 j=1 j=k+1

E[M, | F] = E[ My, + (My — My,) | F]

14
::ELNQ;|]%]+*ELAL74'AﬁC|]%]::A4k{—E ZE: ){j ]%
Jj=k+1

Y4

4
E| Y X;|F| =Y EX;|Fl

Jj=k+1 j=k+1
Since X is independent of F}, for all j > k and E[X;] = 0, we have E[X; | 73] = 0. Hence

l
E[M; — My, | Fe] = Y 0=0.

j=k+1
Therefore,
E[M, | F] = M,.
k k k
(iv) Quadratic Variation. [M, M|, = Z(M] —M;_)? = Z:X72 = Z 1=k
j=1 j=1 j=1
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1.2 Scaled Random Walks

1
Consider W (™ (t) = T nt> @ continuous-time process that can converge to the Brownian motion where, at time ¢, the walk has
n

taken nt steps. We scale the random walk by % so that our random walk "runs" faster in time. If ¢ is odd, then for s,u € Z* we
interpolate between the points ns and nu. Then, the Scaled Random Walk has the following properties.

Theorem 1.2. 1.2.1 Properties of Scaled Random Walks

Properties of Scaled Random Walks.

(i) Scaled Random Increments.

Proof.
1 1 1 1 nt ns 1 nt
W () =W (s) = —=Myy — —=Mpg = —=(Mpy — Mys) = —= X;=) Xjp=— X;

(ii) Expected Value. E {W(”) (t) — W(")(s)} =0.

Proof.
[ :| 1 nt 1 nt 1 nt
E W(n)(t) W(n)(s) =E|— Z Xj| = E[XJ] = Z 0=0
\/ﬁ j=ns+1 \/ﬁ j=ns+1 \/ﬁ j=ns+1

(iii) Variance. Var (W(") (t) — W(")(s)) =t—s.

Proof.
1 nt 1 nt 1 nt 1
Var (W(”) (t) — W(")(s)) = Var 7 jzgﬂ X; | = - j:%—H Var(X;) = - j:§+1 1= E(nt —ns)=1t—s.

Remark 1.1. Notice that the term ﬁ > X; takes the form of the Central Limit Theorem (CLT). As n — oo, the distribution of
W) (t) converges to a Normal distribution N (0, ). This is why Brownian motion is Gaussian.

Remark 1.2. The convergence of the entire path of W (™) (#) to Standard Brownian Motion B(t) as n — oo is known as Donsker’s
Invariance Principle (or the Functional Central Limit Theorem). This theorem justifies using Brownian motion to model discrete
phenomena (like stock prices) over long time horizons.

i=1
deviation grows as y/n. To keep the fluctuations finite and non-zero as n — 0o, we must normalize by the standard deviation, \/n.

We divide by /n (space scaling) because we accelerated time by a factor of n. Since Var (Z XZ-> = nVar(X;) = n, the standard

Remark 1.3. While the discrete random walk M,,; jumps at integer times, the definition of W (™) (¢) implies linear interpolation
between steps for non-integer ¢. This ensures the resulting function is continuous in ¢, a requirement for convergence to Brownian
Motion (which has continuous paths almost surely).
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1.2.2 Martingale Property of Scaled Random Walks
Theorem 1.3. Scaled Random Walk is a Martingale.

EW™(t) | F(s)] = W™(s).
Proof. We use the increment trick as introduced in STAT 333,

1
Mnt - 7(Mns + Mnt Mns)a

(n) () —
W = =5

so we have E[M,, | F(s)] by measurability. Then,

ns | fns} + E[Mnt Mns | fns]) )

E\H%\

nt
E[Mnt - Mns ‘ -Fns = ns = Z ]E[Xj | Fns}
Jj=ns+1 j=ns+1
= X;]
Jj=n +1
= 0.
So we get that,
1
EW ™ (1) | F(s)] = ns = W(s)

as required.

Proposition 1.1. Let
Lmt]

W(") Z

where (X;)j>1 are i.i.d. with E[X;] = 0 and Var(X;) = 1. Then the quadratlc variation of the scaled random walk is

o (2) - () -2

Jj=1

In particular, for each fixedt > 0,
W wm), —— ¢

n— oo

Proof. Recall that )

n j n j_ 1

] ) — 1 1 1
W(")(iL) —W(")(jn )Z(Mj—M -1) = —=Xj.

Hence,

Therefore, the quadratic variation up to time ¢ is

~ n n 7

Since E[X?] = 1, we have
W W, — |nt] .

n n— oo
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Theorem 1.4. Fixt > 0. For eachn € N such that nt € N, define

k
1
W) = =My, M=) Xj,
where (X;)j>1 are i.i.d. random variables,
1
PX;=1)=P(X;=-1)= 3

Then, as m — oo along integers withnt € N,
W (1) L N(0, ).

Proof. We begin by explicitly deriving the moment generating function of the limiting normal distribution Z ~ N(0,¢). We
substitute the density, combine the exponents, and complete the square step-by-step.

ol
o

6(u) = E[e"] :/Z ouz (\/2%@ ) dz

1 /°° 22)
= exp| uz — — | dz
2t J o 2t
L /OO ( 2ut )) d
= ex 2% —2utz z
2nt J— P

(2% — 2utz + u’t* — u2t2)> dz

u?t?
(2% = 2utz + (ut)?) + 2t> dz
— ut)? u’t
‘m) eXP(z) 4

“eo(5) g

u?t
= exp <2> .

Next, we derive the moment generating function for the scaled random walk W (™ (t), showing the expansion from the sum in the

—
N

Il
N —
3

o~

I
e
5

/—\/\/\/‘\/—\
gl e e

Il
1) =
=
I
8 88

I

]

o

exponent to the product of expectations.

nt
dn(u) = E[e“w(")(t)} =E|exp u% ;Xj

nt
U
=E |exp Z—X]
=

=E ﬁ exp(\;%Xj)

_HE[exp( x)]

j=1

ﬁ ( eﬁ(l) +P(X, = —l)e%(71)>
-1

nt
< RN —u/ﬁ) _ (;eu/ﬁJr ;e—u/\/ﬁ) ,

Jj=1
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To analyze the limit, we apply the logarithm and the variable change = 1//n.

1 1 nt

1 1
= ntlog| —e¥/ VT 4 Zemu/Vn
2 2
1 1
r=— N n=—

Vn x?

t 1 1 .
log ¢, (u) = = log(Qewr + 3¢ ) .

We define ¢g(z) and prepare for L'Hopital’s rule by verifying the form 0/0 and computing the first derivative ¢’ ().

g(x)—10g<2e +5e ) = nl;rgolog¢n(u):t1;%7

1 1
g(0) = log<2eo + 260) =log(1)=0

!
lim 79(%) = lim gy ()
zl0 22 zl0 2z

d 1
/ = 1 S ux —ux
oa) = g tog (e + )
e ()

1 1 uxr —ur
S emrem \2UT T

u(eux _ e—ux)
%(eua: + e—uw)

ux

N—= N[

e _ e—uw

eUT - g um :

Since ¢'(0) = u% = 0, we apply L’Hopital’s rule again.

We expand the quotient rule terms fully to simplify the second derivative g" (x).

/ 11
lim g(@) = lim g"(z)
zl0 2x x0

d Ut _ p—um
" )y — (2T
9 (@) dr \ ev® 4 e—u®
(eua: _ efuw)/(euac + efum) _ (euw _ efuz)(euw + efua:)/
(euac _|_e—uac)2
(ueum + ue—um)(eum + e—um) _ (euz _ e—um)(ueum _ ue—um)
(eux +€7ua:)2
) (6um + efur)(euz + efux) _ (eu:r _ efuz)(euz _ efum)
’ (eua; +e—u1;>2
5 (eu:c + e—uz)Q _ (euac _ e—uz)Q
) (eu:z: + efuz)Q
) (eQua: + QeUTeTuT 4 e—2uw> _ (eQuI — QeUTeTuT | e—2u$)
(eux + e—ux)Q
) (62ur + 24+ 672u:1:) _ (62ur —24 672u:1:)
’ (euw +e—ua:>2
5 eQum _ e2uz + 6—2u:v _ e—Quz + 2 _ (_2)
) (eux + efuz)Q

= U-

= U-

9 4

' (eur _|_efum)2'
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We substitute x = 0 into the simplified second derivative and solve the limit.

4 4 4 . g'(z) g"(0) _ w?
7(0) = 2 - —u?. —u? 0 =2 lim = =—.
IO = G T g Y i, 2 2

Finally, we substitute the limit back into the expression for log ¢,,(u) and exponentiate to complete the proof.
2

li_>m log ¢ (u) =t <u) = wt and lim ¢,(u) = exp(u;t) = ¢(u).

2 7 n— 00

By uniquess of the MGF, we have that,
W (1) L N(0, ).

1.2.3 Limit of the Binomial Model

Theorem 1.5. Fixt > 0. Under the binomial model with up factor

a a

and risk—neutral probabilitiesp = ¢ =
Sn(t) = SO0)ulrdi™,  Hpy+ Tpy = nt.

Then, asn — 00,

log Sn(£) % log S(0) + oW () — %a%.

Consequently,

Su(®) % S(0) exp{aW(t) - ;02t} ,

and the limiting random variable is log—normal.

Proof. Let the number of heads and the number of tails be H,,; and T, respectively, such that H,; + T,; = nt so that
M, = Hypy — Ty is a symmetric random walk. Solving, we get that H,,; = %(nt + Myt) and Tpp = %(nt — Mp:).

Then the stock price can be written as,

L(nt+Mp, 1(nt—My,
Sp(t) = S(O)uﬂdent s(0) (1 2 5 (nt+Myy) Lo (nt ) |

Then,
o

log Sy, (t) = log S(0) + %(nt + M) log (1 + \;ﬁ) + %(nt — M,¢) log (1 — ﬁ) .

Recall that for z — 0 we have log(1 + z) = = — 322 + O(2®) which means that,

o o 102
log(1+ — | =4+— -2 —3/2) .
0g< ﬁ) NG 3 O ()

Then, we can directly derive log Sy, (t).

log S,,(t) = log S(0) + 1(mf + M) (U 1 +0 (n_3/2)) + %(nt — M) (—U 1 +0 (n_?’/z))

2 vno o 2n vnoo2n
— log S(0) + — [‘mt + "M"t] 1 [(nt + M) + (nt — My)] +nt O (n_3/2> + M, O (n_3/2>
2 | v/n vn 4 n
—log S 7 — 112 —3/2 —3/2
85(0) + My = 37 (2n) 4t O (n2) + Mo 0 (n72)
= log S(0) + %Mnt — %JQL‘ +R,.
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Then, log S, (t) — log S(0) — %a% + oW (t) since W™ () = L M,,, & W(t) ~ N(0,t)

7= =W ) L W)

Thus, we conclude that,
1
Sn(t) % S(0) exp {UW(t) - 20—%} ,

which matches the continuous-time Geometric Brownian Motion as required.

1.3 Brownian Motion

A useful way to motivate Brownian motion is via a scaled random walk. Let W (") (¢) denote the rescaled random walk obtained from
ii.d. mean-zero, variance-one increments. As n — oo, the process W converges in distribution to a continuous-time stochastic
process known as Brownian motion. Formally, a Brownian motion {W (t)};>¢ is a stochastic process with specified distributional
properties, which we state below.

1.3.1 Properties of Brownian Motion
Theorem 1.6. Properties of Brownian Motion
(i) Fort = 0, we have W (0) =

(ii) On the grid0 =ty < t1 < --- < t,,,, Brownian Motion increments are independent,

W(t1) = W(ty) —W(t1) L W(ts) —W(ty) L LW(tm) — W(tm_1)-

(iii) BE[W (tis1) — W(t:)] = 0 and Var [W (tir1) = W(ti)] = tig1 — ta.
(iv) The increments AW, := W (t;11) — W (t;) ~ N(0,t;41 — t;) i.e, normally distributed.

(v) Fix0 < s < t, then E[W (s)W(t)] = s and Cov (W (s), W (t)) = s.

Proof. Consider Brownian Motion at time ¢, denoted W (t). Then, we split the increment,

W(t) =W(s) + (W(t) - W(s))
W(s) = W(s) [W(s) + (W(t) — W(s))]
= W(s)® + W(s) (W(t) - W(s))
= E[W(s)W(s)] = E[W(s)’] + E[W(s) (W(t) = W(s))].

W (s) is clearly Fs-measurable, so we conclude that W (s) L W (t) — W (s). Naturally,

since E[W (s)] = 0 and E[W (¢t) — W(s)] = 0. Moreover, note that
E[W (s)?] = Var(W(s)) + (E[W(s)])* = s +0 =5 = E[W(s)W(t)] = E[W(s)?] +0 = s.

So we conclude that,
Cov (W(s)W (t)) = E[W(s)W (t)] — E[W(s)|[E[W(t)]=s—0-0=s.

The increments of Brownian Motion are independently and normally distributed. Hence, we can construct a m X m covariance
matrix for the m-dimensional random vector. We can use this to derive the moment-generating function of this random vector to
further characterize the joint distribution of the random variables W (¢1), W (t2),..., W (t;).
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1.3.2 Moment-Generating Function of Brownian Motion Vector

Theorem 1.7. The Joint Moment-Generating Function of Brownian Motion vector {W (t1),..., W (tm)},
for fixed) =ty <t; < -+ <tpmanduy,...,u, € R is given by,

N | =

d(ury.. . um) =E

2
m
S we | (5 —t5-1)
=1 \k

=J

exp {Z umW(tk)}l = exp
k=1

Proof. On the same grid, for increments AW, := W (t;) — W(t;_1) for j = 1,...,m, we have,

m k m m
k=1j=1 j=1 \k=j
Letting a; := Z uy, we directly derive our MGF,
k=j
B m m k
o(ug, ..., um) =E|exp { ZukW(tk)} =E lexp { Zuk ZAWJ}}
L k=1 k=1 j=1
=K exp{z (Zuk>AWj}
L j=1 \ k=j
=E|exp { ZajAWJ}
L =1
= H E[exp{a; AW;}] (independent BM increments)
j=1
= Hexp{2aj(tj —tjl)} since AW, ~ N(0,t; —t;_1)
j=1
J A
=expy Zaj (tj —tj—1)
j=1
m m 2
= exp {2 Z (Zuk) (tj — tj—l)}-
=1 \k=j

Remark 1.4. For X ~ N(p,0?) we recall the mgf.
ox(t) = E[e'™] = exp {ut + %02t2}
O (t) = (u+ ot exp {ut + L0} — @ (0) =

() = a%exp {ut + %0%2} + (u+ o?t)? exp {ut + %02152} — ¢%(0) = pu* + o

- Var(X) = E[X?] - (E[X))? = (4 + 0?) — i = o°

10
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1.3.3 Martingale Property of Brownian Motion

Proposition 1.2. If A(t) is a F(t)-measurable for allt > 0, we say that A(t) is an adapted stochastic process.

Proof. Let W (t) for ¢ > 0 be Brownian Motion. Then for 0 < s < ¢, with W (t) = W (t) — W(s) + W(t), we can write

[
=E[W(t) - W(s) | F(s)] +E[W(s) | F(s)]
=E[W(t) —W(s) | F(s)] + W(s)
=E[W(t) — W(s)] + W(s)
=0+ W(s)
=Wi(s)

1.3.4 First Order Variation

For a function f(¢) that varies with time ¢, we quantify the amount of up and down movement undergone by f via First-Order
Variation (F'Vr(f)). Suppose we partition our time into 3 intervals (need not be equally spaced) [0,¢1), [t1,2), [t2, T, then we
could characterize the first-order variation of f as follows,

FVr(f) = [f(t1) = FO)] = [f(t2) = f(t)] + [f(T) = f(t2)]

/f dt+/ - dt+/ It
:/0 |f'(t)] dt. (1.3.4.1)

Generally, we compute F'Vp(f) over a partition (set of times) 0 = tg <1 < --- <1, =T.
Formally, First-Order Variation can be defined as,

n—1

FVr(f) = lim Z|f i) — F(t5)], (1.3.4.2)

[T —0 2

i.e., the limit as the number of partition points goes to oo and the length of the longest subinterval ¢;; —t; — 0. It is easy to see
that (1.3.4.1) and (1.3.4.2) are consistent. Take any subinterval ¢; 11 — ¢;. Then, by MVT, we see that there exists t} € (tj,tj41) such
that the slope of the tangent at ¢ is parallel to the chord that connects ¢;1 to ¢;. So,

f(tj) = f(t))

ft]) = —————" = f(tj1) = ft;) = F/(t]) (L2 — 1)
t]Jrl t]

which is equivalent to the identity under the summation in 1.3.4.2. Thus, we can substitute,

T
FVr(f)= lim Z|f j41) = lim Z|f (tj41 — ):/O |f/(t)|dt, (1.3.4.3)

IITT}—0 % It —0 2

which is exactly 1.3.4.1.

1.3.5 Quadratic Variation

Suppose we have a function f(t) defined for 0 < ¢t < T The second-order (quadratic) variation is defined as,

n—1

[fAUT) = dim B [f(tj1) = f(t;)],

II||—0
=0 &=

for time partition IT = {t¢,...,t,}and 0 =tg <t < --- < t, =T.

11
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Suppose for a second that f has a continuous first derivative, i.e.,

n—1 n—1 n—1
ST 0) = £ < ST EDP (a1 — 1)) HfHooZIf 2(tj41 — ;).
j=0 j=0

Naturally, we can substitute to get the quadratic variation of f as,

FAm < il _i|f'<t;f>\2<tj+1 ~t)

Hanou H HHH Z|f J+1 J)

2
unn /'f JIhdt =0,

assuming that fOT | f/(t)|?dt is finite. Otherwise, < limy_o [||H|| : Z;:ol |f P41 — tj)} could be anything between 0 and
00. Quadratic variation is not used for functions with continuous derivatives as their quadratic variation is simply 0. However,
Brownian Motion is undifferentiable everywhere meaning that it cannot be differentiated wrt ¢ therefore any application of MVT
would fail i.e., there is no value for ¢ for which -4 W (¢) is defined.

We now consider the quadratic variation of the Brownian Motion which cannot be computed directly. Thus we consider the
Sampled Quadratic Variation; a random variable, dependent on the BM path from which it is computed. Taking the sampled
QV, we can show that it converges to T as ||II|| — 0. Regardless of what path it is computed along, we must show that it

n—1
converges to T, its expected value. We define the sampled quadratic variation as Qr = Z(W(th) — W (t;))?. Note because
§=0
W(tjt1) — W(t;) ~ N(0,At;) then W(tj41) /At;Z; where Z; ~ N(0,1). Thus, Qr is the weighted average of
X7 variables where the weights sum to 7" and the largest Welght HHH = max; At; goes to 0,
n—1
ElQu] = ZE (tjr1) = W(t;))?] = Z Aty =T,
n—1
Var(Qrm) = Z Var (W (tj41) — ZVar (At Z Z(Atj)Q Var(ZJZ).
j=0
Since Z ~ N(0,1) then E[Z?] = 1,E[Z*] = 3 s0 Var(Z?) = 3 — 1 = 2. Thus,
n—1 n—1
Var(Qm) 2{ max At; At; = 2|11\ T
W =23 (A < 2(m: )Jz; T
By Chebyshev Inequality, we have,
Var(Qn)

P(lQu -T|>¢) <

so Qr — T in probability as ||TI|| — 0. Thus Hl%i”m OQH =EQu=T
—

Theorem 1.8. Let W be a Brownian Motion. Then [W, W|(T) = T for allT > 0 almost surely.

= — 0,

Remark 1.5. We can informally write,

AW (£)dW (t) = dt.

On an interval [0, T'], Brownian Motion accumulates 7" units of quadratic varjation.
Over distinct time interval 0 < T3 < T3 we get the limit,

W W(T2) = W, W|(Th) =T> = Th

so the BM accumulates 75 — T} units of quadratic variation over [T}, Tb).

12
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1.3.6 Cross-Variation and Quadratic Variation with ¢

It is also easy to show the cross-variation of BM with ¢ is [W, ] = 0.

n—1
[VV, t](T) = H]l[lulgo Z(W(t]+1) - W(tj)) (tj+1 - tj)
j=0
n—1
= Hﬁiﬁgo (og%lgf_llw(tkﬂ) - W(tk)l) j:O(tj+1 —t5)
= i (o p W i) = Wioo] ) 7

=0.

Concisely, we can write dWW (t)dt = 0. Similarly, it is easy to show QV wrt ¢ is also just 0,

n—1
2
t,t|(T) := lim tigy —t;
A0 = 3 (60
J_
n—1
< i t —t
- |\H1\|Igo (0511?3}:,( R TR >]z_:0 Ea
= hm ||H||
(17T —
=0.

We get two nice shorthand notations,
dW (t)dt =0, dtdt =0.

1.4 Volatility of Geometric Brownian Motion

Under the Black-Scholes-Merton option pricing model, the asset-price model used is,

S(t) = S(0) exp {aW(t) + (a - ;a) t} .

We define the above as the Geometric Brownian Motion. We can derive the "realized volatility” estimator using the Quadratic
Variation of Brownian Motion to identify volatility o from a path of this process. Suppose we let & € R and ¢ > 0 be constants.
Moreover, we fix 0 < T < T5 and take the partition,

II = {T1 =lg<t1 < - <ty = TQ}, Atj = tj+1 — tj, AWJ = W(tj+1) — W(tj),
and define the log-return of our stock-price process on [t;, ;1] by,

S(tj+1)

R; :=log St
J

Starting from the explicit formula for S(¢),

1
log S(t) =log S(0) + cW (t) + (a - 0’2> t.
Subtracting t;11 and t; we get,

S(tj+1)

log
S5(t;)

= log S(tj+1) — log S(t;)

= (log S(0) + oW (tj11) + (o — 30°)tj41) — (log S(0) + oW (t;) + (o — 202)t;)
= o (W(tj41) = W(ty) + (= 50°) (i1 — 1)
=0 AW; —|—(a— =0 )At

13
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So, Rj = o AW, + pAt; where u = o — %02. Note that realized volatility is mathematically just the square of log returns.
Naturally, we need Rjz.

R? = (0 AW, + pAt;)?
= (GAW,)? + (A1) + 20 AW, ) (uAt,)
— G2(AW,)? + #2(AL,)? + 20u(AW;)(AL),

and taking the squared sum,

B2 = 3 [0 (AW))? + 12(A4)? + 20u(AW;) (Aty)]
=0 =0
m—1 m—1 m—1
2022 (AW;) 2+u22 )2 + 201
j=0 j=0 j=0

Lastly, taking the squared log-returns, we get our final realized volatility estimator,

S (10g S+ _ 25 2
lo =0 W(tj 1) - W(tj)
< 575() ) (Wt )

m—1

2
R

Jj=0

H

m—

+20 (a—40°) > (W(tjz) = W(t)))(tj41 —t;).

§=0
Suppose we have the mesh ||II]| := 05?13%71 At;. Then we have,
(i) Quadratic variation of Brownian motion.
m—1
m ;O (AW;)? =Ty — T1.

(ii) Quadratic variation of ¢ is zero. We have the deterministic bound (pure algebra):

m—1 m—1
(At;)* < T At; = Z(Atj)2 < ||| Z Aty = ||O[[(Tz — T1),
j=0 j=0
SO
m—1
lim At:)? =0.
(o= JZ::O( 2

(iii) Cross-variation of W with ¢ is zero. Define My := maxo<;<m—1 |AW;|. Then
‘AWjAtj‘ < MHAfj7

and by the triangle inequality,

m—1 m—1
> AW;AL| < Z AW, AL < M Y Aty = My(Ty — Ty).
Jj=0 j=0

Because Brownian paths are continuous, My — 0 as ||II|| — 0, hence
m—1

lim ZAWAt =0.

HHH—>0

14
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m—1
Using the three limits above to re-write Z R?. Starting from,
j=0
m—1 m—1 m—1 m—1
R? :0‘2 (AW7)2+,U,2 Z(At])2+20u Z AWJAtJ
=0 i=0 =0 i=0

Taking ||TT|| — O we can use the three limits to obtain the following over a sufficiently fine partition,

m—1
1 R} =0*(Th - T 204 20u-0
||n1\|n—1>oz o*(Ty —Ty) + 4 - 0+ 20 -
:O'(TQ—Tl)
m—1 2 m—1 2
1 S(tj+1)
= JH) ~ i (Ty—T)) = <lo 2t ) 62

j_o< (2 1) Tg—Tl ]go g S(tj)

Therefore, our realized volatility estimator is,

m—1
52 = ]+1> , =\/0
= T2—T1 :0(

J

1.5 Markov Property
Theorem 1.9. Let W (t) fort > 0 be Brownian Motion and let F (t) be the corresponding filtration for the Brownian Motion.
Then, W (t) fort > 0 is a Markov Process.

Proof. This is a pretty standard proof. If you've taken STAT 333, we can use the the trick of splitting W () into a past + fresh
increment. Thus we get that,

W(t) =W(s) + (W(t) - W(s))
fW () = F(W(t) = W(s)) +W(s))
E[f(W () [ F(s)] = ELf (W(t) = W(s)) + W(s)) | F(s)].

Now we set Z := W (t) — W(s) and X := W(s). Recall that Z ~ N(0,t — s) and Z L F(s) with X being F(s)-measurable.
Thus, the conditional expectation is of the form,

Elo(Z, X) | F(s)], Z 1L F(s), XeF(s)

For each z € R, g(x) := E[f(Z + x)]. This is an ordinary (unconditional) expectation over Z only. Then, the key independence
lemma says that E[f(Z + X) | F(s)] = g(X). Applying X = W (s) gives,

E[f(W () [ F(s)] = E[f(Z+W(s)) | F(s)] = g(W(s))-

So, this proves the Markov property. What remains is computing g explicitly. Since Z = A (0,t — s), then it has density,

buesl) = e (-5 ).

Therefore,

ola) =Bz +)) = [ T fw +2) o (w) dw

2

= \/%(1757_5)/0; fw + ) eXp<—2(tw_s)> dw

15
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After a quick change-of-variables, letting 7 :=¢t — s > 0,y == w+ 2z, w =y — z,dw = dy

and then we get,

Subsituting, we get

= _OO f)p(r, W(s),y)dy
= [ wpt -5 W) v)dy.

Thus, conditioning on everything you seen up to time s, the distribution of W (¢) depends on
the past only through W (s) and is Gaussian i.e., W (t) | F(s) ~ N (W (s),t — s).

1.6 First Passage Time

1.6.1 Exponential Martingale

The Brownian Motion is the continuous-time counterpart to the symmetric random walk thus, we introduce an Exponential
Martingale containing Brownian Motion in the exponential function.

Theorem 1.10. For W (t), t > 0 Brownian Motion with associated filtration F (t) with constant o, the process Z(t) fort > 0 is a
martingale. More specifically, we call it an Exponential Martingale,

1
Z(t) = exp {aW(t) - 20215} .
Proof. For the exponential process Z(t), in order for it to be a martingale, we know that,
E[Z(@t) | F(s)] = Z(s)

must hold. This is a pretty easy proof. Let 0 < s < ¢, so thus we have,

E[Z(t) | F(s)] = E[exp{UW(t) — %U2t} ‘]—'(s)]

=E|exp{c(W(t) — W(s))} -exp{oW (s) — 2%t} | F(s)

W (t)—W (s)~N(0,t—s) F(s)-measurable

= exp{oW (s) — 0%t} -E [exp{o(W(t) — W(s))}

independent of F(s)
E[EGX]ZE%UQ(FS)

= exp{oW (s) — 0%t} -exp{ic®(t — s)}
= exp{oW (s) — Lo?s}
= Z(s).

16
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1.6.2 First Level m Hitting Time

We wish to model the first passage time (hitting time) of level m, denoted 7,,, = inf{t > 0 : W (¢) = m}. Note if level m is never
reached, then 7,,, = co. We define the stopped time as t A 7, := min{¢t, 7., }. Z(t A 72, is used instead of Z(7,,,) since 7,,, might
be co. t A 7., is a bounded stopping time, thus by Optional Stopping Theorem we have,

1
E[Z(tATn)] =E[Z(0)]=1=E {exp {UW(t ATm) — 502(1? A Tm)}:| .
Intuitively, before Brownian motion hits level m, it must be < m. Thus, given the event,

(i) {t < T}, we have not yet hit m by time ¢ so W (t) # m and thus W (¢) < m by Continuity.

(i) {t > 7n} we have t A 7,,, = 7,, and W (7,,,) = m by definition of 7,,,.

So in both cases we observe that W (t A 7,,,) < m so,
0 <exp{oW(tATm)} < exp(om).

So, now we have a bound for the space component of our exponential martingale. Next, we would like to analyze the limit of the
time-exponential factor, specifically,

exp{;az(mvm)}.

For this, we consider when 7,,, < 0o and 7,,, = co. Notice that for when 7,,, < 0o, for sufficiently large ¢ > 7,,, we have that

t A\ Ty, = Ty SO eventually,
1 1
exp {—202(25 A Tm)} = exp (—20'2Tm>

and thus the limit exists and equals e—37"Tm For Tm = 00 (i.e., the Brownian motion never hits level m), let ¢ — oc.
Then t A 1,,, = ¢ for all ¢, so,

1 1
exp (—202(15 A 7'm)> = exp <—202t> — 0.

The cases for 7, < oo and 7,,, = 0o can be written as,

t—o00

1 1

lim exp <—202(t A Tm)> =I{r, < co}exp <—2027'm) .
A similar process can be applied for the limit of the whole integrand,

1, L 5

exp | cW({tATy) — 50 (tATm) | =exp(cW(tATp)) - exp —50 tATR) ) -
Considering when 7,,, < oo and 7,;,, = 0o we achieve a well-defined bound,
1

0 < exp(cW(t))exp (—2021?) < eTMem39t Ly )

as t — oo. This is obvious as for when 7,,, = co we have that ¢ A 7,,, = ¢ so it converges to 0 almost surely. It should be pretty
obvious that we can utilize the product structure of the "plus” bounds. Note that we at least know that the time term tends to 0
and the space term is bounded above e?™ since W (t) < m for all ¢ if 7,,, = co and m > 0, so naturally the path never crosses m.
Necessarily, this implies that the product does go to 0 on that event. Combining gives us the limit,

1 1
tli}m exp (UW(t ATm) — 502(75 A Tm)> =I{r, < oco}exp (om - 2027'm> .

We already know for every ¢ > 0,
1=E[exp(cW(tATy) — 20t ATR))].

To let t — oo inside the expectation, we use the Dominated Convergence Theorem. So we need an integrable dominating random
variable. Using the bound (3.6.5) and the fact that the time term is always < 1 (since —%0'2(-) <0),

0 <exp(oW(tATn) — 30°(tATm)) < exp(om) -1 =e"™.

17
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The constant e”™ is integrable. Hence dominated convergence applies, giving

1= lim Elexp(cW(t A7) — 30°(t ATi))] = E[1(,, cooy exp(om — 30°7,)] -

t—o00

Now pull out the deterministic factor e”™:
1=e¢""E[1(,, <o} exp(—50°7m)] -

Equivalently,

—om

E[1(r, <oy exp(—20%7)] =€
Now send o | 0. On the right, e~ — 1. On the left, for each outcome w:
1 o
« If 7, (w) < 00, then e 27 Tm(@) _y 1

o If 7, (w) = 00, then the indicator is 0 anyway, so the product is 0 for all 0.

So pointwise,
Also we have the uniform bound

so dominated convergence applies again (now the parameter is ¢ | 0, but it’s the same theorem). Therefore,

1 -
1 750 Tm = = .
LI?OIE 1{7m<oo}e E[l{Tm<ooﬂ ]P(Tm < OO)

om — 1. Hence

But the limit also equals lim, g e~
P(1y, < 0) =1 (m > 0).

The theorem is stated in terms of o > 0:
E[ef'”’"] = ¢~ ImIV2e

First assume m > 0. Choose o = v/2« (positive). Then

2
%J = %(204) = q,
so (3.6.8) becomes
Ele™™m] =e "™ = emmV2e (m>0, a>0).
Now handle m < 0. Use symmetry of Brownian motion: (—W (t))¢>¢ is again a standard Brownian motion. Let « = —m > 0. Then

Tm = inf{t : W(t) = m} = inf{t : —W(t) = a}.

But —W has the same law as W, so the hitting time of @ > 0 by —I¥ has the same distribution as the hitting time of a by W. Thus

d
Tm = T|m|- Consequently,

E[e*m’"] = ]E[e*‘”‘m‘] = e~ImIV2a,

From the theorem (for any m # 0),
¢(a) :=E[e ] = e~ Imlivae o> 0.

Differentiate both sides with respect to a. On the right,

d o e d
Y —Im|V2a _ —|m|vV2a % [
7ot e da( |m|\/2a) .

Since v2a = (2a)'/2, we have

d 1 1
—V2a=>02a)"?.2=(2a)" V2 = —.
Therefore,
d _ B 1 |m|
el Im|vV2a _ Im|V2« e R d |m|vV2a
e =e - —=|m] - = — e .
da < | \/204) V2«

18
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On the left, differentiate under the expectation:

d d
¢'(a) = EE[G_(”’”] = ELlae_aTm] = E[—Tme_‘”m] )

—QTm

This interchange of differentiation and expectation is justified because for & > 0 the random variable 7, e is integrable; the

exponential factor kills the tail strongly enough. Hence,

— T, |m| —|m (0%
—E[re”*™] :*Ee Imlv2a

Cancelling the minus signs yields
- Im| Vs
E[rpe @] = 1L ¢~ ImIV2e a > 0.
[rme™ ] = == :
Finally, to see why E[7,,] = oo for m # 0, note that as « |, 0,
E[Tme_mm] a—w> E[rm],
by the monotone convergence theorem, since e~“™ 71 1 pointwise as « | 0 and 7,,e~*™™ 1 7,,,. But the explicit formula behaves
like | |
m m
A —Imiv2a o T
e ~ asa | 0,
V2« V2« {
which diverges to +00. Hence E[r,,,] = oo for m # 0. (Intuitively: the hitting time is almost surely finite, but it has a heavy enough
tail that its mean is infinite.)

tATm

W(tATm)

m

1.7 Reflection Principle and First Passage Times
Let (W (t)):>0 be standard Brownian motion with W (0) = 0, and fix a level m > 0 and a time ¢ > 0. Define the first passage time
Tm = Inf{s > 0: W(s) = m}.

The reflection principle exploits the symmetry of Brownian motion after its first visit to the level m. If a path reaches level m at
some time 7, < ¢ and then ends at a value w < m at time ¢, we may reflect the path about the horizontal line at height m from
time 7,,, onward. The reflected path ends at 2m — w at time ¢. Because Brownian increments are symmetric and independent of the
past, this reflection preserves probability. As a consequence, for all w < m,

P{r, <t, W(t) <w}=P{W(t) > 2m — w}.

This identity is known as the reflection equality. Setting w = m yields a particularly important consequence. Since W (t) > m
implies that the level m was crossed prior to time ¢, we have

(T <1, W(t) 2 m} = (W(t) = m).
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Splitting the event {7, < ¢} according to whether W (t) < m or W (¢) > m therefore gives
P{r,, <t} =2P{W(t) > m}.
Because W (t) ~ N(0,t), this leads to the explicit distribution of 7, as shown below.

P{r, <t} = 2B{W(t) > m}

2 o 2
_ —a2/(20) g
= e X
V2t /m
2 o0

- eV Py, (y=2/V)

Fralt) = $P{rm < 1)

m ( mQ) t>0
exp| — |, .
tvomt P\ 2

By symmetry of Brownian motion, the same formulas hold for m < 0 upon replacing m by |m/|. Thus, although the first passage
time 7,, is almost surely finite for m # 0, its density exhibits a heavy tail, implying that E[7,,] = occ.

5

W(t) - 2m—w

-

Reflected path i

-reflection

Original path
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1.8 Exercises: Brownian Motion

1.8.1 Problem 1
Solution. Fix times 0 < ¢ < uy < ug. Observe that the increment W (uz) — W (u1) can be written as,
W(uz) = W) = [W(uz) = W(t)] = [W(w) = W(t)].

By Definition (iii), both W (us) — W (¢) and W (u;) — W(t) are random variables independent of F(¢). Furthermore, by Definition
(iii), Brownian Motion has independent increments, so the pair,

W (ug) = W(t), W (u1) — W(t)]
are jointly independent of F(t). Consider f : R? — R defined by f(x,y) = = — 3. Then we have that,
W(uz) = W(ur) = f(W(uz) — W(t), W(ur) — W(t)).

Since, measurable functions of random variables that are independent of a o-algebra remain independent of that o-algebra, it
follows that W (ug) — W (uy) is independent of F(t), as required. [ |

1.8.2 Problem 2

Solution. We can re-write W?2(t) (as mentioned in the hint) as,
W2(t) = (W(t) = W(s))> + 2W (s)(W (t) — W(s)) + W?(s).
Then, taking expectations,
E[W2(t) | F(s)] = E[(W(t) = W(s))* |
+2W (8)E[W () — W(s) | F(s)] + W2(s)
= (t —s) + W2(s).
M (t) = W2(t) — t, so we get after taking expectations,

E[M(t) | F(s)] = E[W?(t) — t | F(s)]
={W?(s)+t—s}—t
=W?3(s)—s
= M(s).

Thus we have shown E[M (t) | F(s)] = M(s) as required. |

1.8.3 Problem 3

Solution. LetY := X — pso that E[Y] = 0 and Var(Y) = o2, Thus, we know that the moment-generating function of Y is,
o(u) :=E[e"Y] = ez’
We take the derivative of ¢(u) until we get to ¢ (u)

2.2

= ¢'(0)

¢ (u) = E[Ye"Y] = o%uez” =E[Y] =0,
¢ (u) = E[Y?e"] = (0" + o*u?)e?” ™ — ¢(0) =E[Y?] = o,
¢ (u) = E[Y?e™] = (30*u + 0%u®)ed ™" = ¢(0) = E[Y?],
& (u) = E[YSeuY] _ (30’4u + 6002 + 08u4)e§a2u2 — ¢"(0) = ]E[Y4] — 354

E[(X — )] _ 30°

(Var(X))2 =i "

Since Var(X) = o2 we have that, Kurtosis(X) =

21



Stochastic Calculus and Modern Volatility Modelling

Kenneth Zhang

1.8.4 Problem 4

Solution.

(i) Define, for each n,

My —1

Su(w) = > (AW (w))?,

=0

The hint inequality is just the pointwise bound

Vaw) = > AW (w)

my,—1

) M, (w):= max ’A;n)W(w)‘.

0<j<m,—1

=0

n 2 n n n
(APW)? = [APW]- AW <, [P

Summing over j gives
mp—1

mp—1

S AP <m, Y AW = 5, < MV )

J
=0

Jj=0

Now isolate V;, (this is the key algebra step). For w € (1., eventually M,,(w) > 0 and in fact M,,(w) — 0. For such n,

@)
Take limits along n — oo. Using (QV) and (Max), for every w € 2,
Sp(w) = T, M, (w) — 0.

In particular, there exists N (w) such that for all n > N(w),

Plug this into (2):

Since M, (w) — 0, we have — 00, hence

1
M, (w)
(ii) Define the sample cubic variation along I1(™).

my,—1
3

Co(w) = > AW (w)”.

§=0

Use the elementary inequality, for each j,
Summing over j gives

mp—1 mn—1

3 2

ST alw]t <, ST (AMW)? = Gy < M,S,. (3)

§=0 §=0
Now take limits on ... By (Max), M,,(w) — 0. By (QV), S,,(w) — T Hence for every w € {2,

0<Ch(w) < Mp(w)Sp(w) —=0-T=0.
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1.8.5 Problem 5

Solution. Note that we can write the event,
(x—K)t =2l{z > K} - Kl{z > K}.

Thus, we can write (S(T') — K)¥ as,
S(TI{S(T) > K} — KI{S(T) > K }.

Then, the fair, no-arbitrage price of a European call can be written as,
Co=E[e " S(II{S(T) > K} — Ke7""'P(S(T) > K)
We'lllet B := e "TS(T)I{S(T) > K} and A = P(S(T) > K) so that,
Co=B—-Ke "TA.

The fair value at time 0 can be interpreted as the discounted risk-neutral expectation of the payoff. We derive the explicit call-pricing
formula under Black-Scholes-Merton. We start with the even S(T) > K.

S(T) > K <= Spexp((r—20°)T+oW(T)) > K

exp((r —10*) T+ oW (T)) > SEO

!

(r— 10%) T+ oW (T) > log(éi)

oW(T) > log(g) —(r=1c*T

W(T) > - {log(g) ~(r - 1o?) T}
vz >t [bg(;) (r = 10?) T}

Z~ N(o 1)

2]
Z> - U\F{ (SO>+(1"%02)T}

i=dg

IIIIHII

II

!

<~ Z > —d,
So the even {S(T) > K} = {Z > —dz} which means that,
A=P(S(T)>K)=P(Z>—dy)=1—-P(Z < —dy) =1— N(—da),

since N(—z) =1 — N(z) so 1 — N(—dz) = N(dz). Thus, the 2nd component of Cy is just Ke~ "7 (1 — N(—dy)).
Using similar techniques, we simplify and derive the explicit formula for B

B = ]E[G_TTS<T)1{S(T)>K}]
= E[ _TTS() exp((r — l 2) T + O'W(T)) ]-{S(T)>K}]

= SoE[e T exp((r — 20°) T+ oW(T)) 1is(1)> 1]
= SoE[exp(—rT + (r — 10*) T+ oW(T)) 1{s(1)> K}
= SoE [exp 202T +oW(T)) s> K1)
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Now, we write the expectation as an integral and simplify.

B =Sk [exp(—%aQT n a\/TZ) 1{Z>,d2}}

e %12 dy

/N

o 1
:S/ ex —102T+a\/fz)1z _
0 - p 2 {z> dz}\/ﬂ

o0 1 2
= So/ exp(—%aQT—Fosz) —_ /2y

—ds 2

—%22 +oVTz — %J2T> dz

[z2 —20VTz + UQTD dz (factor — 3)

[(z -0 T)2D dz (complete the square)

Il

&
I
& 8

o

M

o

/‘\/‘\/l'\/'\/\

N|—

e 1 2
=5 / eV /2 dy
0 7d270'\/T Vv 271—
g /°° 1 /2
=90 € Y
—(d240oVT) V21
>~ 1 2
:SO/ 67y/2dy (d1::d2+0'\/f)
—di V 2T
=5y P(Z > —d1)

= So(l -P(Z < —dl))
= So(l — N(—dl))
= SoN(dy).
Recall
Co=B-— Ke T A.

Insert A = N(d3) and B = SoN(d;):
Co = SoN(dy) — Ke "' N(dy).

Write d; = d4 and dy =d_:
1 S
d(T,S)) = —= [log(ﬁ) + (r+ %07 T} ,

Therefore
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1.8.6 Problem 6

Solution.

(i) Let W(¢) be Brownian motion with filtration {7 (¢)} and define
X(t) = pt +W(t), peR.
Fix 0 < s < t. Then
X(t) = pt + W(t)
= s+ W(s) + plt — ) + (W(t) - W(s))
= X(s) + u(t —s) + AW,
where AW := W (t) — W(s) satisfies AW ~ N(0,¢ — s), AW L F(s), and X (s) is F(s)-measurable. Hence
E[f(X(®)) | F(s)] = E[f(X(s) + u(t = s) + AW) | F(s)]
= E[f(z + u(t — s) + AW)]

z=X(s)

Writing the expectation as an integral using the density of AW,

E[f(x + pu(t —s) + AW)] :/jo f(x+u(t—s)+z)27r(1t_s)exp(—2(tz_s)> dz

With the change of variablesy = x + u(t —s) + z (so z =y — z — u(t — s)),

E[f(z 4+ pt—s)+ AW)] = \/27T(11§7—s) /_OO fy) exp (_ (y — xz(_t M(Z)— s)) ) dy.
Therefore
E[f(X (@) | F(s)] = g(X(s)),
where

(y—ax—p(t— 8))2> dy.

1 o0
g(w)Ziﬁ(t_s) /_ch(y)eXp(— 2 —s)

Since the conditional expectation depends on F(s) only through X (s), the process X (¢) is Markov with transition density

1 y—x — pt)?
p(T,:c,y) = /727”_ exp<( 2 ) y T=1t—s.

(i) Let
S(t) = S8(0) eVt 550, veR
and fix 0 < s < t with 7 =t — s. Then
S(t) = S(0)ee W+t

S(0)e” WSS exp(a (W (t) — W(s)) + v(t —s))
= 5(s) exp(cAW + v7),

where AW := W(t) — W(s) ~ N(0,7) and AW L F(s). Hence, for Borel f,
E[f(S(t) | F(s)] = E[f(S(s)e”>V+T) | F(s)]

. o) o AW +vt )
Pl |
Writing the expectation as an integral,
E[f(xe”AW“’Tﬂ — / f(cce”zJ”’T) 1 efzz/(QT) dz.
NS 2rT
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With the change of variables

1 1
y = xe? T, z=— <log ¥y_ VT) , dz = — dy,
o x oy

this becomes

B[f(aem>V+ 7)) = | Oof(y)gy\}%exp< doeb ) >dy-

Therefore
E[f(S(®) | F(s)] = g(5(s)),
where

olz) = / ) plray) dy,

and the transition density is

B 1 (log(y/:z:) — 1/7')2
p(r,2,y) = W exp < 9527 ) )

Thus S(t) is a Markov process with the above lognormal transition kernel.

1.8.7 Problem 7

Solution. Let
X(t)=pt+W({t), peR,

and for fixed m > 0 define the first hitting time
Tm = inf{t > 0: X(t) = m},
with the convention 7,, = oo if the level is never reached. Let o > 0 and define
Z(t) = exp{oX(t) — (op+ 30°)t}.
(i) Show that Z(t) is a martingale.

Z(t) = exp{o(ut + W(t)) — (op+ 30°)t}
= exp{out + oW (t) — out — 1o°t}
=exp{oW(t) — Lo%t}.

For0 <s <t
20 _ exp oW () - W(s) — Lo(t— 5)},
E[Z(t) | F(s)] = Z(s)E[exp{c(W(t) — W(s)) — Lta?(t — 5)}].
Since W (t) — W (s) ~ N(0,t — s),
]E[EUY] = 6%02(7:78), Y ~ N(0,t —s),

and therefore

SO
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(i) Apply optional stopping att A T,,. Since Z(t) is positive and a martingale,
E[Z(tATm)] = Z(0) =1,
Elexp{oX(t A7) — (op+ 20?)(tATR)}] = 1.
(iii) Case > 0: show P(7,,, < 00) = 1 and compute the Laplace transform. On {1, < oo},
tA T, = T, XAENTm) = X(T) =m.

On {7, = 00}, since u > 0, X (¢) — o0 a.s. By monotone convergence,
1
E {6”m<"”+2”2>7m1{m<m}] =1

The exponential term is strictly positive, hence
P(7,, < 00) = 1.

Rewriting,
—(op+ 1 o? )T
E e M 2 m efam .

Leta=op+ %(72. Solving
024+ 2u0—20=0 = o=+/p2+2a—npu,
we obtain
]Eliefoﬂ'm:l = exp{fm(\/ w2+ 20 — ,U,)}
_ emufm\/p,2+2a.

(iv) Compute E[7,,] for u > 0. Differentiate the Laplace transform at o = 0:

d

Elrm] = —%E[e_(”m] o
d
=7 exp{mu —m\/ p? + 204}
Q a=0
_m
o

(v) Case < 0: hitting probability < 1. Choose o > —2u so that o + %O’Q > 0. Repeating the stopping argument,
1 5

which yields
P(7y, < 00) = e 2mIHl < 1,

The same quadratic calculation gives, for a > 0,

E [e—a‘rm] — emu—mw/u2+2a.
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1.8.8 Problem 8

Solution. Fix o > 0 and r > 0. For each n, there are n steps per unit time, so over time ¢ there are nt steps (assume ¢ rational and
nt € N). The per—period interest rate is /7, and u,, = 7/ V7 and d,, = e~?/V™. Risk-neutral probabilities are
I 11 —eo/Vn e/ _ L1
o -
bn = olvn Ze=oivn T el Z o/

Let X1 n,..., Xntn beiid. with

P(Xpn=1)=Pn,  P(Xpn=-1) =g,
and define
Mt n Z X
Then
Su(t) = S(0)ug MM ga(nt=Muen) _ ) exp(\jﬁMm,n) :

The goal is to show that =M, ,, = N((r — $0%)t,0%t), 50 S, (1) = S(O)e”w(tH(T"”Z)t

(i) Compute the mgf v, (u) ofﬁMm,n.
_ 1 ~ u nt
Qpn(u) = Eexp <U'Mnt,n> = ]EeXp = Xk,n
Vi Vi

- nt
= H Eexp(\;%Xkﬁn> (Ee RS ”)
Let 2 = 1/y/n. Then e*7/V" = ¢%9% and

Hence

ux

UG, 4 e, — e (rz? +1—e %) + e (%% — ra? — 1).

eO’I — 670'113

ii) Computelog 1.2 (u) and rewrite via hyperbolic functions. Since n = 1/2? and nt = t/x2,
p g¥1/x yp

<P1/x2(u)=(€ Yp+e )t/gg .

Writing the numerator explicitly and grouping,

(ch + 1)(eux _ efux) + (e(afu):v _ ef(afu)z)
0T _ g—0x

(rz? + 1) 2sinh(uz) + 2sinh((o — u)z)

B 2sinh(ox)

_ (ra® + 1) sinh(uzx) + sinh((o — w)x)

B sinh(oz) '

uzx = —ux 5
€

pte "q=

Therefore

log 142 (u) = % 1og((7’z + 1) sinh(ux) + sinh((e — u):c)) '

sinh(ox)
Using sinh(cx —ux) = sinh(ox) cosh(uzx) — cosh(ox) sinh(uz),
(rz? 4 1) sinh(uz) + sinh((o — u)z)
sinh(ox)

(ra? + 1 — cosh(oz)) sinh(ux)
sinh(ox) ’

= cosh(ur) +
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(iil) Taylor expansion as x — 0. Using cosh z = 1 + % + O(2%) and sinh 2z = 2z + O(23),

2,2
cosh(uz) =1+ u233 + O(a*),
sinh(uz) = uz + O(z?),

2,.2
cosh(oz) =1+ sz + O(x%),

sinh(ox) = oz 4+ O(2?).

Hence
(ra?+1— c.osh(ax)) sinh(ux) _ 2% (r — 10?) + O(z*) (uz + O(z%))
sinh(ox) ox
= g(r - %02):102 + O(z*).
Therefore
Taking logs,
log ©1 /52 (u) = % [;uQxQ + g(r — %O’Q).T2 + O(x4)} ,
so

1
log i g2 (u) — t <u2 + E(r — écrz)) .
2 o
This is the log-mgf of N((r — 50%)t/o, t) for ﬁMnt,n, hence of N((r — $02)t, ?t) for Mt -

(iv) Uselog(1 + 2) = 2 + O(2?) to compute the limit mgf.

(rz? + 1 — cosh(ox)) sinh(u:c)}

t
log 1 /42 (u) = s log [cosh(uz) + Sinh(o7)

t
== log [1 + (%u2 + % - %ua)xz + O(:c4)} .

Define

ur
Au) = 3u® + i uo,

so the bracket equals 1+ A(u)z? + O(z?). Using log(1 + 2) = 2z + O(2?) with z = A(u)2z? + O(x?) and noting 22 = O(z?),
log(1+ A(u)z® + O(z*)) = A(u)z® + O(z*),
and hence
t
log 1 /42(u) = o (A(u)z® + O(z")) = tA(u) + O(2?).

Letting « | 0 (equivalently n — 00),

) ur

lxlf& log ¢4 /22 (u) = t(%u2 + i §u0) ,
$0

: — 1,2 W

nh_}rxgo on(u) = exp{t(Qu + > Qua)} .

Comparing with the mgf of Y ~ N(m,v),

Ele"Y] = exp(mu + svu?),
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we identify v =t and m = t(g — %) hence

ﬁ o 2
Multiplying by o,
o
%Mm,n = N((r — %02) t, 0’2t)

Finally, since

the limiting distribution is
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2 Stochastic Calculus

2.1 Ito Integral for Simple Integrands

Suppose we have Brownian Motion, W (¢) for ¢ > 0 together with a filtration F(¢) (information up to time t). Let A(¢) be an
adapted stochastic process (e.g., the position we take in an asset at time t) such that it is required to be a F(t)-measurable for all
t > 0. Thus, information up to time ¢ is sufficient to evaluate A(t) and its randomness has been resolved. Intuitively, we cannot
make a trading decision now based off of something that has not occurred yet, i.e., and event that does not occur in [0, t]. However,
once we get to A(t), we know what position we must take in the underlying to hedge our position in an option, thus the random
nature of A(t) has been resolved. Since A(t) is F(t)-measurable, it is also independent of future increments since positions we
take in assets may depend on the price history of those assets but must be independent of the future increments of the Brownian
motion that drives the price process.

2.1.1 Integral Construction

Brownian motion paths are differentiable nowhere with respect to time. Thus,

/Adg /A

for some differentiable function g(t), is not valid for Brownian motion. Similar to our approaches for other undifferentiable processes
wrt ¢, Ito constructed the integral for simple A(t) and extended it as a limit of integration of simple integrands for general integrands.
Suppose on [t;,t;4+1), A(t) is constant (a simple process) where holding a single value at ¢; up to ;41 depending on the same w on
which W (t) depends. Sampling different w;’s from {2 would result in different realized Brownian Motion paths. By definition, A(0)

constant on [t;,t;41)

Al/

Ao

Iﬁ AS
o—

value known gtgp at ¢;41

t t t >t

t1 to i3

Figure 1: A path of a simple adapted process A(t) used in the construction of the It integral.

must be the same for all paths since there is no information at time 0.

Suppose tg,...,t,—1 are trading dates in an underlying so A(tg),...,A(t,—1) are positions taken in the underlying at each
trading date (held to the next trading date). Intuitively, the gain from trading at ¢ is,

I(t) = A(to) [W(t) — W(to)] = A0)W (2), 0<t<ty,
I(t) = AO)W (1) + A(tl)[W(t) W (t )]7 ty <t <t
I(t) = AO)W (t1) + A(t) [W(t2) = W(t1)] + A(t2) [W (1) = W(t2)], ta <t <ts.
Or generally,
k—1 t
I(t) = 3" AL) [W(tjan) = W(E)] + At) [W() = W (k)] = (1) = / Alu)dW (u)
=0
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At time t;, we lock in our position A(t;) then the asset undergoes the random price change W (t;41) — W(t;). The Ito integral

1(t) sums the resulting gains over completed integrals plus currently partially realized gain on [t, ¢].

2.1.2 I(t) is a martingale.

W (t) is a martingale so I(t) (an upper limit of integration t) is also a martingale.

Theorem 2.1. The Ito integral defined by I(t) below,

E
—

I0) = 30 AW W (ti) = W)] + Aw) W) = W(e)] = 10) = [ Awaw(w)

<
Il
o

is a martingale.

Proof. We fix 0 < s < ¢t < T and define the partition Il = {0 = ¢y < t; < -+ < t, = T} of A. WLOG, we choose indices

t) <s<tprandty <t <tgy1 508 €E [t,t41)andt € [ty,tr+1). For the simple Ito integral,
u
1) = [ Amaw.
0

we have the explicit sum representation for u € [, tmt1)s

[

m—

I(u) = > AW W (1) = W ()] + Altn) [W () = W (tm)]-
§=0

Using [, k we write I(t) as a sum of positions up to ¢; plus from ¢; to s and from ¢;,1 onward.

10 = 32 80 (V(y10) = Wi8) + 50) V(0 ~ W(80)
- e_ A (Wltye1) — W(E) + Alte) (Wilter) — W(t)
+ z A (W 312) — W (5) + Al (W) W(t).
Next, we isolate for I(s), i
1(s) = 1 A (Wtjs1) — W) + Alte) (W(s) - Wito).

And, subtract I(s) from I(t) to expose the future increment,

1(t) = I(s) = At (W(tern) = Wi(te) = (W(s) = W (L)) )

k—1
+ ) A (W) = W(E)) + Ate) (W (E) — W(ts))
J=0+1
k—1

= At (Wltesn) = W) + 3 Al (Wty) — WE) + A (W(E) — W (k).

j=t+1

Thus the resulting is an I(s) + future decomposition of I(t),

k-1
I(t) = I(s) + A(te) (W (terr) =W () + Y Alt) (W (ki) = W(ty) + Alte) (W () = W (k).
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We know that the first term is F(s)-measurable,

E[I(s) | F(s)] = I(s).

And, for the straddling term, we can take out what is known and apply the martingale property of Brownian Motion.
Since t; < w then A(%;) is F(¢;) C F(s), so we have that,

E[A(te) (W (terr) = W(s)) | F(s)] = Alte) E[W (te1) — W(s) | F(s)]
= A(te) (EW (tes1) | F(3)] = W(s)
= A(te)(W(s) (s))

/\

Then, we apply iterated conditioning for a generic future summand with j > [ 4 1fort; > ;41 > s,

E[A(t)) (W (tj41) — W(ty)) | F(s)]

- E[E[A(tj)(w(tHl) W(t) | F(t,)] | F(s)]
= E[A(1) BIW (1) - W(t;) | F(ty) \f )]
= E[A®) (EW (t01) | Ft;)] - W(t5)) | Fs)]
=E[A(t)(W(t;) = W(t;)) | F(s)]
=0.
Summing the zeroes gives,
E ‘k;;A(tj)(W(th) —W(t))) ’ F(s)

The last partial interval term can be handled using the same iterated-conditioning trick since ¢ > ;41 > s,

E[A(t) (W () = W(t)) | F(s)] = E[E[A(tw(W(t) ~ W) | Ft)] | F(s)]
= E[A(t) W (t) | F(t)] ’]-' )
=E[At ( 0| Fltw)] - Wity) | F(s)]
=E[A(t) (W (tk) = W (L)) | F(s)]
=0

Putting the conditioned terms together yields,

E[I(t) | F(s)] = E[I(s) | F(s)] + E[A(te) (W (tes1) = W(s)) | F(s)]

VE| Y AW)Wltsar) - W) | Fo)| +E[AG (WD)~ Wit) | 7o)
J=0+1

I(s)+04+0+0
I(s).

Hence, I(t) for ¢ > 0 is a martingale.

Remark 2.1. Since I(t) is a martingale and 1(0) = 0 and EI(¢) = 0 for all > 0, we have that, VarI(t) = EI%(¢).
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2.1.3 Ito Isometry

Theorem 2.2. The Ito integral defined in Theorem 2.1 satisfies,

EI?%(t) / A?(u

Proof. We fix t € [ty, tr+1) and define D; := W (t;41) — W(t;) forj =0,...,

Then the Ito integral admits the representation,
k
=> A(t;)D
=0
We expand the square,

oo

Jj=0

k —1and Dk = W(t) - W(tk).

k
=Y A*;)DI+2 > A(t)A(t;)DiD;.

=0 0<i<j<k

Then, taking expectations of the above yields,

.
EI(t)* =Y E[A*(t;)D}]+2 > E
§=0

0<i<j<k

A(t;)D;D;].

We wish to show that the cross-terms vanish. Fix some i < j. Then we have that A(t;)A(t;)D; is F(t;)-measurable while D; is

independent of F(t;) and has mean zero. Thus we get that,

i<
>
E
S
S
I
=

[E[A(:)AR)DiD; | F(t;)]]
DDiE[D; [ F(t;)]]

= 2 Y E[A(t;)A(t;)D;D;] = 0.

0<i<j<k

Each A?(t;) is F (t;)-measurable and independent of D7 so we know E[A%(t;) D3] = E[A(t;)] E[D?].

For Brownian Motion,
E[D}] = tj11 —t;, E[D}] =t —t.

Thus yields EI%(t) as

J

k—1
EI(t)* =Y E[A%(t)] (tjs1 —t;) + E[A(t)] (t — t).
j=0

Since A(u) is constant over [t;,¢41),

tit1
A2(t)(t 41 — 1) = / Au)du,  j
t;

A2(t)(t — t1) :/ A?(u) du

=0,...,k—1,
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Substituting the expectation we get,

2.1.4 Quadratic Variation of Ito Integrals

Theorem 2.3. The quadratic variation accumulated up to time t by the Ito Integral is,

t) = /Ot A? (u)du

Proof. Fix an interval [t;,¢;11) on which A(u) = A(t;) is consistent. We can choose a refinement t; = 5o < s1 < --+ < §p, =
tj+1. On this interval, the increment of the Ito integral satisfies,

I(siv1) = L(si) = A(t;)[W (si1) — W(si)l.

Hence, we compute the quadratic variation sum over [t;,t;41) as

m—1 m—1
S [Hsien) = 1(s)]” = D0 A1) (W(si1) = Wsi)®
i=0 =0

Z 51+1 (Si))2.

=0
As our mesh maxg<;<m—1(Si+1 — s;) — 0, we know that the Brownian Motion quadratic variation converges pathwise,

m—1

2
Z Sl+1 (Sz)) — thrl — tj.
=0

Therefore the quadratic variation accumulated by the Ito integral on [t;,t;41) is,
2
A%(t) 41 — 5)-
We consider only simple integrands, so A(u) is constant on [t;,;41), so it can be written as,
ti+1
()t —t) = [ Aw)du
tj

Performing the same computation on the final partial interval [t;, ] gives us,

A2(ty)(t —tg,) = tAQ(u)du.

ty

Thus, summing quadratic variation contributions over all subintervals yields us,

Z/JH dqu/ A2
:/O A(u) du

35



Stochastic Calculus and Modern Volatility Modelling Kenneth Zhang

Remark 2.2 (Differential vs. integral notation for the Itd integral). Recall that Brownian motion has quadratic variation
dW (t) dW (t) = dt which is a concise way of stating that

W, W)(t) = t.
If the It6 integral is written in integral form as
t
I(t) = / A(u) dW (u),
0

then its differential form is
dI(t) = A(t) dW(t).

This notation expresses that an infinitesimal change in the Itd integral is obtained by multiplying the current integrand value A(t)
by the corresponding Brownian increment. Using the quadratic variation rule dW (¢) dW (¢) = dt, we compute

dI(t)dI(t) = A2(t) dW (t) dW (t) = A2(t) dt.

Thus the It6 integral accumulates quadratic variation at instantaneous rate A2(t), which is another way of expressing the result

[I,1)(t) = /O A?(u) du.
The notations .
I(t) = / A(u) dW (u) and dI(t) = A(t) dW (t)
0

describe the same object. The integral form has a precise definition via limits of simple integrands, while the differential form is
shorthand that encodes how increments behave. Integrating the differential form yields

I(t) = 1(0) —I—/O A(u) dW (u).

When one writes I(t) = fg A(u) dW (u), it is implicitly assumed that 1(0) = 0. In contrast, the differential and integral forms
above allow I(0) to be an arbitrary constant.

2.2 Itd Integral for General Integrands

We again assume that A(t), ¢ > 0, is an adapted stochastic process with respect to a filtration {F(t) };>¢. In contrast to the previous
subsection, we now allow A(¢) to be a general process that may be continuous or possess jumps. We assume square integrability,

T
namely E / A?(t) dt < oo which ensures that the Ito integral is well defined via the It isometry. For such general integrands,
0

the It6 integral fOT A(t) dW (t) is constructed by approximating A(¢) with simple adapted processes. Specifically, for a partition

MI={0=ty <ty <--- <ty =T} wereplace A(t) by a step process that is constant on each interval [¢;,?;41) and equal to

A(t;). As the mesh of the partition, ||II|| = max(¢;+1 — t;), tends to zero, these simple processes converge to A(¢) in L?, and the
J

corresponding It6 integrals converge in L2. The limit defines the It6 integral for general square-integrable adapted integrands.

(coarse partition) (max [tji1 —t;[ — 0)
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2.2.1 Approximating Sequence A,,(t)

In the L? sense, we choose a sequence A, (t) of simple processes that converge to A(t) as n — oo,

T
lim E/ |A, (1) — A(t)?dt = 0.
0

n—oo

Thus, we can write the continuously varying integrand A(¢) using the Ito integral of A, (¢),

/t A(u)dW(u) = lim t Ap(w)dW(u), 0<t<T.
0

n—oo 0

The integral of the continuously varying adapted process, A(t) inherits properties of the Ito integrals of simple processes.

Theorem 2.4 (Properties of the It6 Integral). Let T > 0 and let A(t),0 <t < T, be an adapted stochastic process satisfying
T
IE/ A%(t)dt < oco.
0

Define the 1t integral by

¢

1) = / A(w)dW(), 0<t<T.
0
Then the following properties hold.
(i) (Continuity) The paths of 1(t) are continuous.

Proof. The It6 integral is the L?-limit of integrals of simple processes, each of which has continuous paths.

t

I(t) = lim Ay (u) dW (u),

n=0 Jo
where each fot A, (u) dW (u) is continuous in ¢.
(ii) (Adaptivity) For eacht, I(t) is F(t)-measurable.
Proof. Each simple-process integral is F(¢)-measurable, and measurability is preserved under L? limits.

I(t) = lim D AL (Wt At) = W(E AL)).

(iii) (Linearity) IfI1(t) = f; A(u) dW (u) and J(t) = fof ['(u) dW (u), then

t t
I(t)+ J(t) = / (A(u) + T(w) dW(u), cl(t) = / cAu) dW (u).
0 0
Proof. Linearity holds for simple integrands and passes to limits.

t t
/ (A+T)dW = lim | (A, +T0) dW
0

n—oo 0

t t
— lim (/ AndW+/ FndW).

(iv) (Martingale property) {I(t)}:>0 is a martingale.

Proof. For 0 < s < t, future Brownian increments have zero conditional expectation.

E[I(t) | F(s)) = I(s) + E { / " Au) aw (w) | ]-'(s)] = I(s).
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(v) (Ité isometry)

:E/OtAQ(u)du

Proof. Square, expand, and use independence and zero mean of Brownian increments.

2

EI(t)? =E || > A(t)AW; = Y E[A*(t)] E[(AW;)?).

(vi) (Quadratic variation)

= /Ot A?(u) du

Proof. Quadratic variation accumulates pathwise from squared increments.
i

2.2.2 Brownian Integral

Example 2.1. We wish to compute the integral,

/ S aw

by defining an approximating sequence of simple adapted processes for W (t).

Solution. Fix n € N and define the partition,

T T 2T - 1T
o=0. L T2 oI g
n n
We construct the simple process, A, (t) as,
T T nr
An(t)W<]>, Ty UHDT o
n n n

Then, in the L? sense, we have that,

By the definition of the Ito integral, we have,

/ W (t)dW (t) = lim A (t)dW ().

n— oo
For each n, we can write the Ito sum explicitly,
/TA (t)dW(t):nilw E [W M - W E }
o = n n n )1

n—1

S U(tin) - ZM W(ti1) —W(t)* — /O A2(u) du

Let W; :=W ( ) for j =0,...,n with Wy = 0. Then our sum becomes Z W; (Wjy1 — W;). Starting from the elementary

7=0
identity, then summing from j = 0 to n — 1 we get,

(W1 = W;)? = W;H 2W; WJ+1 + W2,

n—1

n—1
> (Wi =W Z P2 Z WiWi + Y W7
=0 =0

=0
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We can re-indent the first sum and use Wy = 0 then re-arranging, we get

n n—1
Z = ZW,3=W,2L+ZWJ2.
k=1 j=1

Substituting this back, we get,

n—1 n—1 n—1 n—1
D (Winy =Wi)? =Wt D Wi=2) WiWyi+ ) W
=0 j=1 =0 =0
n—1 n—1
=W2+2> W2—2) W;Wj,
j=0 j=0
1 1n71
_ iy W2
;W 1~ )*5Wn*§§(Wg+1 W;)~.

Next, we take the limit as n — oo to get,

[ wwar —JLH;CZW(]T) (U)o (2]

Using the fact of quadratic variation of Brownian motion,

j[ <J+1T> _W(Jj)r T
Thus, we get that,
/OT W(t)dW (t) = %WQ(T) - %T.

The additional — %T term comes from non-zero quadratic variation of Brownian motion and left-endpoint evaluation. Replacing left
endpoints by midpoints yields the Stratonovich sum,

S (S [ (U50E) - w ()

for which the quadratic variation term disappears. Thus,
K 1. o 1
W (u) dW (u) = ZW=(t) — =t.
0 2 2
This process is a martingale with expectation zero, as required. ]

2.3 Ito-Doeblin

Given f(W (t)) where f is differentiable and W (¢) is Brownian motion, calculus yields - f(W (t)) = f'(W (t))W'(t). Alternatively,
we could alos write df (W (t)) = f/ (W (¢))W'(t)dt = f'(W(t))dW (t). However, W (-) has non-zero quadratic variation, so we
have an extra +3 f” (W (t))dt term. Integrating yields the Ito-Doeblin Formulation,

FOVO) = 1) = [ Foveav + 5 [ v

df (W (t)) is the change in f(W (t)) when ¢ makes an infinitesimally small change and dW (¢) is the change in Brownian motion
when ¢ makes an infinitesimally small change. We encounter similar things in calculus when trying to compute | f(u)f’(u)du and
do a change-of-variables to get 5 f%(u) + C.
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Theorem 2.5. Let f(t,x) be a function for which the partial derivatives fi(t,x), f.(t,x) and f..(t, x) are defined and continuous,

and let W (t) be a Brownian motion. Then for every T > 0,

F(T,W(T)) = £(0,W(0) /fttW dt+/ Folt, W (2))dW (¢ /fmtw

Proof. We first apply Taylor’s formula on increments W; 1 — W; with Wy = 0,

f@ipr) — fzg) = f(2)) (@01 — x5) + %f”(%‘)(%‘ﬂ — ;)%
1(Wjﬂ - W;)2.

= 2j(Wi1 = Wj) + 5

Because all higher-order derivatives vanish, the expansion above is exact.
Then, we can split the change in f(W (t)) over an arbitrary partition,
n—1

FOV(T)) = fW(0)) = > [f(Wjsa) = F(W))],

1
(Wjg1 = W)™

n—1 n

1
=3 W;(Wj1 — W)+§

=0 =0

Starting from (W1 — W;)? = W7, | — 2W;W; 11 + W7, we can sum from j = 0 to n — 1, and re-arranging we get,

J

n—1 n—1 n—1

W1 — =W2+ > WP=2> W;W,
Jj= §=0 =0
n—1 1 n—1
W;i(Wji1 = W) = W2 3 2 Wis1 = W;)?.
7=0 j=0

Recall that Brownian motion quadratic variation converges pathwise, so we have that,

n—1 T

1 1
> Wi =W;)? — T = / W (t)dW (t) = §W2(T) -5T
i=0 0

[

For i < j use independence of our increment D; from F(t;) and E[D,] =
E[A(t:)A(t;)DiDj] = E[A(t:)A(t;) DIJE[D;] = 0.

Recall the Ito isometry property of Ito integrals,

k—1

EI)? = 3 EIA(t)](tj1 — t5) + EIA2()](t — ty) = E[ / R du] ‘

=0
So, we have our pathwise quadratic variation is,

k—

[, 1)( :Z (tjiv1 — -)+A2(tk)(t—tk):/OtA2(u)du

Remark 2.3. A similar approach to writing the Ito-Doeblin formula is by writing in its full differential form,

F (W (1)) = Fults W)t o0, WA (1) 3 o, W CO)AW (A (1) - fo W (1))t W (1) + 5 o1, W (1)t

However, note that dW (¢)dW (t) = dt, dtdW (t) = dW (t)dt = 0 and dtdt = 0, so we get that,

df (t, W(t)) = fe(t, W(t))dt + fo(t, W(t))dW (t) + %fxw(ta W (t))dt.
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Remark 2.4. We can formulate a Taylor series approximation of f(W (t;41)) — f(W(t;)) for a function f(z) that does not depend
on t. The first order approximation has error resulting from the convexity of f(-). Adding a second order term captures more of the
curvature of the function f(z) for x = W (¢;).

FOW (t141)) = FOW () = /(W () (W (tj41) — W (t;)) + small error
FOV(t540)) = FOV(15)) = F/OW (00) (W (1540) = W) + 5 /(W (1)) (W (t542) — W(t,))? + smaller error.

In both equations above, as the max step size of both partitions approaches 0, their errors approach zero as well. However, in the
first one, when we sum both sides, the errors accumulate although the error in each summand approaches 0, the errors do not. The
extra 2nd order term provides more accuracy since the paths of Brownian motion are so volatile.

Example 2.2. Let f(z) = 122 for z := W(t), then Ito-Doeblin yields,

%W2(T) = F(W(T)) = f(W(0))
T L,
:/0 f(W(t))dW(t)+§/O fr(W(t))dt

T 1
- / W)W (1) + 5T
0

2.4 General Ito Stochastic Processes

Definition 2.1. For Brownian motion W (¢) for ¢ > 0 and associated filtration F(¢) containing all information up to time ¢ for
t > 0. Then an Ito Process is a stochastic process of the form,

X(t) = X(0) + /0 A(w)dW (u) + /0 O(u)du,

where X (0) is deterministic and A(u), O(u) are adapted stochastic processes.
Remark 2.5. The volatility associated with Ito processes is determined by the rate at which they accumulate quadratic variation.

Lemma 2.1. The Quadratic Variation of an Ito Process is,
t
(X, X](t) = / A?(u)du.
0
Proof. Write

I(t):/O A(u) dW (u), R(t)z/o O(u) du,

so that
X(t)=X(0)+ I(t) + R(¢).

Fixt > 0andletIl = {0 =ty < t; < --- < t, =t} be a partition of [0, t|. The sampled quadratic variation of X along II is

|
—-

n

(X (t541) — X ()]

<.
I
o

Since X (0) is constant, increments satisfy
X(tjp1) = X(t5) = (I(tj41) — I(t))) + (R(tj41) — R(t;)).

Expanding the square and summing gives

X () — X(5)]2 = S [(tyan) — 1] + 3 [Rty40) — R(1))
j=0 j=0 j=0
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As ||TI|| — 0, the first term converges to the quadratic variation of the Itd integral:

Z (1) nfeu,n(t):/oA?(u)du

For the second term, note that

Hence
n—1 9
[R(tj41) — R(t;)]” < o nax 1|R(1ﬁk+1 R(ty) |Z|R (tj+1) — R(t;)]
Jj=0 =EenT
tit1 n—-1 tit+1
= max / O(u) du Z /t O(u) du
fk+1
< max / u) du / |©O(w)| du.
0<k<n—1

Since R(t) is continuous, the maximum term tends to 0 as ||II|| — 0, and therefore

j=0
For the cross term, we estimate
n—1
2 Z [I(tj+1) I(tj)] [R(tj+1) R(tj)}
Jj=0 .
< 205@5_1!1 tr1) — I(tx ]Z\R 1) — R(t;)]

=2 max ’ItkH tk’/ |O(u)| du.
0<k<n—1

Since I(t) is continuous, the maximum increment maxy, | (¢5x4+1) — I(t)| converges to 0 as ||II|| — 0, and hence

|
—

n

I(tjr1) = I(t;)] [R(tjt1) — R(t;)] — 0.

<.
Il
o

Combining all three limits, we conclude that

n—1

XX = i ST (e) = X)) = 100 = [ A% du

Remark 2.6. You may notice, many of our conclusions can be simplified by Ito-Doeblin by first converting definition 2.1 into
differential form, given by,

dX(t) = A(t)dW (t) + O(t)dt
which can then give us,
dX (t)dX (t) = A2(t)dW (£)dW () + 2A(1)O(t)dW (t)dt + ©2(t)dtdt = A*(t)dt.

The formulations above essentially tell us the Ito process X accumulates quadratic variation at rate A?(t) per unit time, which can
be attributed purely to Ito integral I(t) = fg A(u)dW (u) since R(t) does not contribute quadratic variation. This does not imply
that R(t) is non-random since O (u) is allowed to be random. Similar to investing in the money market, we have a good estimate of
the return over the near future knowing today’s rate. However, interest rates are subject to change, thus are random.
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2.5 Ito Processes with respect to Adapted Processes
We also must define Ito Integrals with respect to Ito Processes. Thus we have the following definition.

Definition 2.2. Suppose we have an Ito process X (t) for t > 0 and an adapted process I'(¢) for ¢ > 0.
Then the integral wrt an Ito process is written,

/OI‘(u)dX(u):/o I‘(u)A(u)dW(u)—i—/O I'(uw)O(u)du.

Proof. We consider an It6 process

X(0) = X(0) + | Aw aww) + [ 0@ du,

0 0
and fix T > 0. Let I = {0 = tg < ¢; < --- < t, = T'} be a partition of [0, T]. We study the increment
f(T, X(T)) = f(0, X(0)).

By telescoping over the partition,

S
|
—

(T, X(T)) = £0,X(0) = ) [f(tjs1, X(t41)) — f(t5, X (17))]-

<.
I
o

Applying Taylor’s formula in both variables (¢, z) at (¢;, X (¢;)), we obtain

ftir1, X (1)) — f(5, X(85)) = fe(ty, X (&) (Ej+1 — ¢5)
+ fu(ty, X () (X (tj41) — X ()

3 aalty, X)) (X (151) — X (1)

+ fra (5, X(£5)) (41 — 1) (X (E541) — X (E5))
3t X () W1 — 1)

+ higher-order terms.

Summing from j = 0 ton — 1 yields
n—1
FT,X(T) = £(0,X(0)) = Y fulty, X(85))(tj41 — t5)
§=0

3 Al X)X (t40) — X(17))
7=0

2D Fually X)X (110) — X(07))
§=0
3 ulty, X)) t1 — £)(X(t511) — X (1))
j=0
+% 3 fu(ty, X () (tj41 — t5)?
=0

+ higher-order terms.

We now pass to the limit as ||II|| — 0. For the first term,

—t;) (t, X(t)) dt.
HH‘HOZﬂ X0 -1 = [
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For the second term, using the definition of the stochastic integral with respect to X,

T
|H|Hozf“ £ X (1)) (X () = / folt, X (2)) dX (¢ / Falt, X (2 dW(t)+/0 Fo(t, X (£)O(t) dt

For the third term, using Lemma 4.4.4 on quadratic variation,

%0 2 Zf“ DX (t541) = X(03))° = %/o faa(t, X (1)) dIX, X](2) = %/O Fou(t, X (£)) A% (t) dt

For the mixed term, we estimate

n—1

thx, LL],X J+1 )(X(t]-i-l) _X(t.]))

< max X (1) = X () ZO | fea(t NI(tj41 —t5),
J

which converges to 0 as ||II|| — 0 since X has continuous paths. Similarly, for the time—-time term,

n—1
1 1
5 Z Fu(ty, X(#) (i —45)%) < 5 opax (trr —te) z;) | fee (85, X ()| (Ej41 — 15),
— =

which also converges to 0. The higher-order terms vanish as ||II|| — 0. Collecting all limits, we obtain

(T, X(T)) — (0, X(0) /fttX dt+/ fo(t, X (1)) dX (1) /fmtX( ))A2(t) d.

2.6 Ito-Doeblin for Ito processes

Theorem 2.6. Suppose we have an Ito process X (t) fort > 0 and a differentiable function f(t, x) with partials f(t, ), f(t,z) and
fuz(t, ) which are defined and continuous. Then for all T > 0, by Ito-Doeblin we have that,

F(T,X(T)) = £(0,X(0 /fttX dt+/ £t X (£))dX (¢ /fmtX d[X, X](t)

+ /0 fe(t, X (t))dt + /0 fo(t, X (8)A(t)dW (t) + /0 Jo(t, X (1)O(t)dt + % /OT foa(t, X (£) A (t)dt.
Remark 2.7. We can simplify Theorem 2.6 by applying differential notation,
(1, X)) = Fult, X () + Fult, XOWX (W) + 3 el X ()X (1AX (1),
You may notice that we often write Taylor series expansions of f(¢, X (t)) where X (¢) is an Ito process, with respect to all arguments

i.e, t and X (t). The formulation above can be further simplified such that it only involves change wrt time and wrt Brownian
motion, since we know that rate at which X (¢) (an Ito process) accumulates quadratic variation. Thus,

df (t, X (1)) = fi(t, X (8)) + fu(t, X () A(£)dW (t) + fo(t, X ())O()dt + %fm(t X (1))A%(t)dt.
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2.7 Applications of Ito-Doeblin

Example 2.3. Suppose we have Brownian motion W (t) associated with filtration F(¢) for t > 0. Let «(t) and o(t) be adapted
processes. Suppose we have an Ito process defined by,

X(t) = /0 "o ()W (s) + /0 t (a(s) _ 302(3)) ds = dX(t) = o()dW (t) + (a(t) - ;a%)) dt

= dX(t)dX (t) = c*(t)dW (t)dW (t) = o*(t)dt.

Suppose our asset price process is written as, S(t) = S(0)eX(®) where S(0) is deterministic. Thus, S(t) is a function of X (¢) so,
f(z) =5(0)e®, f'(z) =S(0)e*, f"(xz)= 5(0)e”. Applying Ito-Doeblin gives,

as(t) = df(X ()
= FOXONX () + 3 7" (X)X (DX (1)
— S(0)eXOax (1) + %S(O)ex(t)dX(t)dX(t)

— S(HdX () + %S(t)dX(t)dX(t)

a(t)S(t)dt + o(t)S(t)dW (t).

The mean rate of return «(t) and volatility o (t) are allowed to vary with time and are stochastic in nature. Note, however, in this
example we assume that the asset price process is driven by a single Brownian motion. In the case that a, o are constant, S(t)
follows a log-normal distribution. Otherwise, S(¢) need not be log-normally distributed. In the case of constant mean rate of return
and volatility, we yield the Geometric Brownian motion (solution to Black-Scholes-Merton equation).

S(t) = S(0) exp {aW(t) + (a - ;a) t} .

ox

is convex, we subtract %02t in the exponential. Adding at to the
exponential now yields a price process with mean rate of return «. In the case that a = 0, the o (¢).S(¢)dW (t) term contributes no

In order for S(0)e”" (¥ to also be a martingale since e

drift, just pure vol, to the asset price. Otherwise, the instantaneous mean rate of return would depend on the time and sample path
from which it is sampled.

2.8 TIto Integral of Deterministic Integrands

Theorem 2.7. Suppose we have Brownian motion W (s) for s > 0, with a deterministic function of time A(s). Then, the Ito integral
I(t) = fot A(s)dW (s) is a random variable normally distributed with E[I(t)] = 0 and Var[I(T')] = fot A2(s)ds.

Proof. I(t)is a martingale so we have that 7(0) = 0 and thus EI(¢) = I(0) = 0. By Ito isometry, we have that,
t
Varl(t) = EI%(t) = / A?(s)ds.
0

A(s) is deterministic so we need not take expectations. Showing I(¢) may seem intimidating at first, but recall the Uniqueness of
Moment-generating functions. We can show that I (¢) has the mgf of a normal random variable with mean 0 and variance fot A2(s)ds.
We start with the definition of an mgf,

t
Ee*'®) = exp {;uQ/ AQ(s)ds}
0

1 =TFexp {u](t) — %u2 /Ot Az(s)ds}

=Eexp {/Ot uA(s)dW (s) — ;/Ot(uA(s))st} .

However, notice that exp { fot uA(s)dW (s) — 1 J (uA(s))st} is a martingale, so we have a generalized geometric Brownian

motion with mean rate of return « = 0 and 0 = uA(s). Note that the expectation above in the last line of our derivation will
always hold. However, we assumed that A(s) was deterministic in order to derive the mgf.

45



Stochastic Calculus and Modern Volatility Modelling Kenneth Zhang

2.9 Vasicek Interest Rate Model

Suppose we have Brownian motion W (t) for ¢t > 0. The Vasicek model for interest rate process R(t) is,
dR(t) = (o — BR(t))dt + odW (t).
We wish to show that that closed-form solution to the model above is,

R(t) = e P'R(0) + g(1 —e P foe Pt /t P dW (s).
B 0

Solution. If you are familiar with differential equations then it is trivial to simply write,

dR(t) = (o — BR(t))dt + odW (¥)
= adt — BR(t)dt + ocdW (t)
Re-arranging the formulation above we get that,
dR(t) + BR(t)dt = adt + odW (t)
ePLAR(t) + BePLR(t)dt = aePldt 4+ aePtdW (t)
d(eP R(t)) = aePtdt + oePtdW (t)

Taking the integral of the differential we get,

¢ ¢ ¢
/ d(e’@tR(s))ds:/ aeﬂsds—&—/ oe?*dW (s)
0 0

0
=P R(t) — °R(0) = ' R(t) — R(0)

Thus this yields,

t t
P R(t) — R(0) = a/ ePods + O'/ P2 AW (s)
0 0

Re-arranging we get,

t t
eP'R(t) = R(0) + a/ ePds + 0’/ P2 AW (s)
0 0

= a~leﬁt7 o teﬁS s
= R(0) + ﬁ( 1)+/O dW (s)

(Pt —1) + U/Ot P2 dW (s)

(07

= R(0)+ 3

Dividing through by e’ we get,

R(t) = e P'R(0) + ge_ﬁt(eﬂt —1) +oe Pt /t eP5dW (s)
B 0

t
— PR+ G- e [ eBaw(s)
0

which is exactly the closed-form solution to the Vasicek model. However, given that we have just learned that Ito-Doeblin yields a
very elegant method of deriving a solution to a given SDE, could we somehow apply it to deriving the closed-form solution of the
Vasicek model? Let’s re-write the original SDE in a standard dR 4+ SRdt = - - - form.

dR(t) + BR(t)dt = adt + odW (t).
This is the stochastic analogue of the linear ODE R'(t) + 3R(t) = c. For a deterministic ODE, we multiple by ¢”* because,

% (eP'R(t)) = "' R'(t) + Be’ R(t).

Since we want the same cancellation in the SDE, we let Y (¢) := ¢! R(t) and compute dY (t) carefully using the product rule for Ito
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processes. Moreover, let A(t) = e/t (deterministic, finite variation) and let B(t) = R(t). Then we have that,
d(AB) = AdB + BdA + dAdB.

Clearly, dA(t) = d(eP*) = BePtdt, dB(t) = dR(t) given by the original equation for d R(t). The cross term dAdB is zero because
dA is proportional to dt and recall from Ito calculus that dt - dt = 0 and dt - dW (t) = 0. Since dA = Bedt, multiplying by anything
gives no quadratic variation term so dAdB = (Se”tdt) - dR(t) = 0. Then we have that,

d(e’*R(t)) = eP'dR(t) + R(t)Be tdL.
From our original equation, after substituting, we get that,
d(eP'R(t)) = €’ [(a — BR(t))dt + cdW (t)] + Be’' R(t)dt

= (o — BR(t))dt + 0Pt dW (t) + BePt R(t)dt

= aeltdt — BePLRETYAL 4+ oePtdW (t) + Bl ReT)dL

= aePtdt + gePtdw (t).
So we get the simpler SDE,

d(eP R(t)) = aePtdt + oePtdW (t).

Now, we integrate both sides from 0 to ¢,

/Ot d(e’*R(s)) = /Ot ae’*ds + /t ol dW (s)

0
=P R(t) — e’ OR(0) = ' R(t) — R(0).

The LHS is just the increment of the process € R(s) so we get that,
t t
P R(t) — R(0) = a/ ePids + o - / ePsdw (s)
0 0
So,
t t
P R(t) = R(0) + a/ ePids + 0/ ePEdW (s).

0 0
Note that f(f e7%ds is a deterministic integral, so we can simply evaluate. After some basic algebra, we get that f(f ePsds = %(66 t—1).

Plugging this into the equation we derived for e’* R(t) we get that,

¢
l(eﬁt -1+ a/ AW (s).
0

P R(t) = R(0) + o - 5

Dividing both sides by e?* we get that,

t
R() = PRO0) + Ge (e~ 1) 4o [ eSaw(s)
B 0

t
— ¢ PRO) 4 1) oe / B2 (s).
0

Given we now have a closed-form solution for R(t), define the stochastic integral part as a separate process i.e., X (t) := fot ePsdW (s).
Then, R(t) is literally just,
R(t) = e Pt R(0) + %(1 — e P o P (1),

At this point, if we wanted to verify by Ito, it’s natural to view the RHS as a deterministic function of (¢, X (¢)).

F(t,2) = e P R(0) + %(1 — e P e Pty = R(t) = f(t, X(¢)).

Therefore, f (¢, X (¢)) is simply just the explicit solution formula with the random part renamed as .
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From our equation for R(t), we can re-write (decompose) it as,

t
R(t) = e PR(0) + g(1 —e P —|—O’€7ﬁt/ ePdw (s).
B 0

deterministic random

In the "random" component, notice that fot eP*dW (s) is a Gaussian random variable (an Ito integral with deterministic integrand)

. . t .
with mean 0 and variance fo (665)2d8, so we can write that,

E [/Of eﬁde(s)} =0, Var (/Ot eﬂSdW(s)> = /Ot e?Psds.

Computing the variance integral explicitly gives us,

t s=t
1 1
283s _ 283s _ 25t 0y 28t
e“P’ds = | —e = —(e’" —¢e) = — (e = 1).
/0 [25 L_o Qﬁ( ) 25( )

Thus, the integral,

/Ot P dW (s) ~ N (o, %(e%f — 1)) .

Taking expectations makes the stochastic integral term drop out, so we can obtain the mean of R(t),
o

B

To compute the variance of R(t), the deterministic part has zero variance,

E[R(t)] = e P*R(0) + —(1 — e~ 7).

Var(R(t)) = Var <oe—ﬁt / t eBSdW(s)>

0

¢
= o2e P Var (/ eﬂSdW(s)>
0

1
— 52028t ﬁ(ewt —1)

2
_ ;766_2[%(62/& _ 1)
2
g
= —(1—e 2.
T3 e

Since the interest rate process R(t) is deterministic + Gaussian, we conclude that it is Gaussian i.e.,
! o? 9
R(t) ~ N (e P'R(0) + (1 — e P, = (1 —e %)) .
B 26
Recall from the equation we derived for E[R(t)],

E[R(t)] = % + et (R(O) - O‘) .

Soas E[R(t)] — a/3 and t — oo, the drift in the SDE,

a-om(0) =5 (5 - 7).

is positive when R(¢) < o/ and negative when R(t) > «//f pushing the process back toward a/S.
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2.10 Cox-Ingersoll Interest Rate Model

Example 2.4. Consider the Cox-Ingersoll SDE,
dR(t) = (o — BR(t))dt + o/ R(t)dW (t a, 3,0 > 0.

As in the linear Vasicek case, the drift contains a —3R(t) term, so we will try the same integrating factor ¢’. Define X (t) := e’* R(t)
and we will compute dX (t) directly from this definition. Using the product rule for Ito processes with A(t) = ¢t and B(t) = R(t)
we have that,

dX (t) = d(A(t)B(t)) = A(t)dB(t) + B(t)dA(t) + dA(t)dB(t).

Here we see that dA(t) = d(eP!) = BePtdt and dB(t) = dR(t). Also, note that dA(t)dB(t) = (Be’*dt)dR(t) = 0 since dtdt = 0
and dtdW (t) = 0. Therefore, we have now,

dX(t) = eﬁth(t) + Bl R(t)dt.
Now, substituting dR(t) = (o — BR(t))dt + o\/R(t)dW (¢
dX (1) = Pt [(a — BR(t))dt + o/R(t)dW (t } + BePLR(t)dt
= aelldt — P R(t)dt + 0Pt \/R(t)dW (t) + Be’t R(t)dt
= aePtdt + oePt\/R(t)dW (1)

Notice that the — terms cancel by construction, so now we integrate from 0 to ¢,

/Ot dX (u) = /Ot e du + /Ot o/ R(u)dW (u)

The LHS is X (t) — X (0) = ¢’'R(t) — R(0) and the deterministic integral is given by,

t

t
/0 aePtdu = o {;eﬁu]o = % (eﬁt — 1) .

P R(t) = R(0) + %(eﬁt -1+ J/O P/ R(u)dW (u)

Taking expectations gives e’*E[R(t)] = R(0) + 2 (eft — 1). Dividing through by e?! gives us the expectation,
g exp g B g gh by g p

So now we have the identity,

E[R(t)] = e P*R(0) + — (1 — e~ 7).

=2

Now, the variance is pretty easy to get. Since we know that X (¢) = e R(t) and we have that R(t) = e #*X(t) then we
know that E[R(t)?] = e~ 2/*[X (t)?] and Var(R(t)) = E[R(t)?] — (E[R(t)]). Given that we already know dX (t) = ae’tdt +
oePt\/R(t)dW (t), we can re-write \/R(t) in terms of X (¢) i.e.,

R(t)=e ' X(t) = /R(t) = e "/2\/X(t).
Thus e \/R(t) = ePteP4/2, /X (t) = €/*/2,/X (t) and the SDE for X therefore becomes dX (t) = ae®*dt+ce/2\/X (t)dW (t)
Next, let’s use Ito’s Formula to compute d(X (t)?) i.e., using g(z) = z2. We have that ¢’(z) = 2z, ¢"(z) = 2 so dg(X) =
g (X)dX + 39" (X)(dX)? gives us d(X (t)?) = 2X (t)dX () + (dX (t))2. Now we compute d(X (t))? given the equation dX (t).
Notice that all terms involving dt vanish in quadratic variation leaving only the dW term,
(dX(4)? = (creﬁt/2\/ £)dW (t ) = G2ePEX(1)(dW (£))2 = o2ePt X (1) dt.
Plugging in dX (t) and (dX (t))? into d(X?) = 2XdX + (dX)? we get that,
d(X(1)?) = 2X (1) (aeﬁtdt + 0P /XD AW (t) ) to eﬁtX( t)dt
= (ZaeﬁtX( )+ 2P X (1 t)) dt + 20€ 2 X (t)\/X (£)dW (¢
= (20 + 0P X (t)dt + 20€P2 X ()3 2dW (t).
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Now we integrate from 0 to ¢ and since X (0) = e’ R(0) = R(0) we get that,

X(t)?* - X(0)? = (2a + %) /Ot P X (u)du + 20 /Ot P2 X (u)3 2 AW (u)

X(t)% = R(0)? + (2a + 0?) /Ot " X (u)du + 20 /Ot 72X ()32 AW (u)

E[X(£)2] = R(0) + (20 + 0?) /0 PUE[X (u)]du.

Since the Ito integral has mean 0 we get the expectation above. We also need E[X (u)] but X (u) = e’“R(u) so E[X (u)] =
ePUE[R(u)]. We must use the formula for E[R(u)] to compute E[X (u)], which gives us,

EMWN=J%mmW”“(KMM®+Zu—aMO=R@+ (™ —1).

Substituting E[X ()] into the integral for E[X (¢)?] and expanding we get,

Euufh:mm2+@a+ﬁyéeM(Rw»+§@M—1Qdu

= R(0)> + (2a + 0?) /Ot R(0)eP du + % /Ot(e%“ — eﬁ“)du}

_ RO+ a+0?) | BQ s 1y 4 2 (1(e2ﬂt 1y Lept 1))}

5 5 \25 E
_ B () I P - X (28t _

= ROP + (a+ o) [FD 1) - L - 1)+ (e )
_ 2 a4 o? 1 _ X (Bt @ (2Bt _

= R(0)* 4+ (2a + )_B (R(O) ﬂ>( 1)+252( 1)].

Converting this equation back to E[R(t)?], since we know that R(t) = e™”*X(t) and R(t)? = e~25*X(t)2, we then have that
E[R(t)?] = e 2P'E[X (t)?]. So, multiplying the expression we just derived for E[X (¢)?] above by e =25 we get that,

E[R(t)?] = e 2P'R(0)2 + (20 + o2)e 2t . % (R(O) - g) (€% — 1) + (2a + o2)e 28t . 2%2(62& —1).
Given that we have E[R(t)?] now, solving for Var(R(t)) is purely algebraic now,
Var(R(t)) = E[R(t)*] — (E[R(t)])*
= e PEX (1)) - (e‘ﬂtR(O) + %(1 = e—ﬂt)>2
= 2Bt (R(O)2 4 2 ; o (R(O) - g) (€ — 1)+ W(&ﬂt - 1))
= (e—ﬁtR(o) + %(1 = e—ﬁf)>2
— 2t R(0)? 4+ 22 ; i (R(O) - g) (7Pt — =291
a(g‘;‘;;"z)u _ 2 (MfR(o) + %(1 - eﬂt)>2
— e 2t R(0)2 4 22 ; o (R(O) - g) (7Pt — =28t
2ot 1 - e
- (e—2f3tR(0)2 + 2%6—5t1~2(0)(1 —e P + ;z(l —~ e—ﬂt)2)
_ 2 ; o (R(O) — ;) (7Pt — 728 ¢ Wu —e 2Pt - 2%3(0)(6—5f — e 2t gz(l — 2e7 Pt 4 7P
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_ 2a Jﬁr o? R(0) (e P — e281) — =
N a(?c;zg2 0?) (1— =28ty _ Q%R
o? —Bt —28t
- ?(1 —2e7 Pt e
_ <2a202 B 2;) R(0)(e~?" — =261
_ W(eﬁt _ ety 4

a? 5
- ?(1 —2e7 Pt 4 720

2
= %R(O)(e*ﬂt _ 28t
«
+ 27/82
02
= ﬁR(O)(efm — 728
(0%
+ T/BQ

—2a + dae Pt — 20[672315]

= U—QR(O)(e_Bt — e_g'ﬁt)

g
+ 2;22 [02 — 202 Pt 4 0'26_2’Bt]
= U—zR(O)(e*Bt —e 2 4 afaz
g 22
o? ao?

= FR(O)(e*Bt —e 2 4

Thus, we see that,

252

2.11 Black-Scholes-Merton Equation

2.11.1 Evolution of Portfolio Value

Suppose we have the stock process,

dS(t) = aS(t)dt + oS(E)AW (1).

a(2a + o?)

a(2a+ o?)

(1- 2¢ Pt 4 e*wt)

(1- e*’Bt)2.

lim Var(R(t)) =

67615 . 672ﬁt)

() (et — &)

. 672ﬁt)

[—2(20 + o) (e Pt — e N 4 20+ 0?)(1 — e 2P) — 20(1 — 2¢7 Pt + efmt)}

[(2a+0%) — (2a + 02)e 2Pt — 220+ 0%)e Pt + 2(2a + 02)e 2t

oo

242

At time ¢ suppose we hold A(¢) shares of stock with each share being worth S(¢) making our total value invested in the stock
A(t)S(t) at time ¢t. Assume that X (¢) represents our portfolio at time ¢ with any remaining value X (t) — A(¢)S(t) being invested
into a money-market account. Suppose the money market account grows at constant rate r (interest rate). Then, over a small time

interval dt, the interest earned on our cash position in the money market is (X (t) — A(¢)S(t))dt.

Simultaneously, our position in the stock gains/loses an amount equal to A(t)dS(¢) i.e., the number of shares we hold at time d

multiplied by the change in the underlying stock price. Thus, the total change in our portfolio value is,

dX (1) = A(£)dS(t) + r(X(t) — A(t)S(t))dL.

Note that in our stock price process, « represents the instantaneous expected rate of return of the stock and ¢ is our volatility i.e., if
a = 0.08 then the stock’s expected annual growth rate is 8%. The randomness around that growht is comes from oS (¢)dW (¢) i.e.,

the term driven by Brownian motion.

51



Stochastic Calculus and Modern Volatility Modelling Kenneth Zhang

To simplify this formula, we can substitute the stock SDE into the formula for d.X (¢) and simplify.

dX(t) = A)dX (t) + (X (1) — AS(t))dt
= A(t)(aS(t)dt + oSE)AW (t)) + (X () — A(t)S(t))dt
= A(t)aS(t)dt + A()aSE)dW (£) + (X (t) — A()S())dt
= A(t)aS(t)dt + A(t)oS(E)dW (£) + rX (t)dt — rA(t)S(t)
= A()aS(t)dt — rAL)S(E)dt + At)oS(E)dW (t) + rX (t)dt

(a = 7m)A@)S()dt + A(t)oS(t)dW (t) + rX (t)dt
rX(t)dt + At)(a —r)S(t)dt + A(t)oS(t)dW (¢).

Remark 2.8. rX (t)dt represents the earnings of the portfolio if all wealth simply grew at the risk-free rate. A(¢)(ov —r)S(t)dt is the
excess expected return from holding stock instead of cash. o — r is the stock’s drift above the money-market rate, so multiplying by
the dollar amount invested in stock, A(¢).S(¢) gives the extra drift contribution from the risky investment. A(t)o.S(t)dW (¢) is the
random fluctuation coming from stock-price uncertainty and is proportional to the size of the stock position A(%)S(%).

2.11.2 Discounting

We discount to remove the baseline growth rate r and start by studying the discounted stock price e~"*S(¢). Computing this
differential is precise under Ito-Doeblin so we let f(,2) = e "*x which means that e"*S(t) = f(t, S(t)).

We’ll use Ito’s formula and start by computing the partials,

= %(e*”w) =e " feu(t,z) =0.

fi(t,z) = %(einx) = 7T€7Tt1'a fa(t, )

Applying Ito’s formula gives us,

d(f(t,S(8))) = fu(t, S(8))dt + fa(t, S(£))dS(t) + %fm(t S(1))dS(t)dS(t).
Since f,, = 0 the quadratic variation term vanishes, thus we are left with,
d(e "tS(t)) = —re "ES(t)dt + e " dS(t).
Now, we substituting and simplify,
d(e™"S(t)) = —re " S(t)dt + e " (aS(t)dt + aS(t)dW (t))

= —re "TS(t)dt + ae "' S(t)dt + oeES(t)dW (t)
= (a—71)e " S(t)dt + ae "' S(t)dW (t).

We have derived the discounted stock-price dynamic. Equivalently, we can do the same for the discounted portfolio value e~ "* X (t).
Again, let’s define g(t,z) = e "'z which means that e~ "* X (t) = g(¢, X (t)). Taking partial derivatives again we get,

rt rt

gt(tax) =—-re" x, gaz(tvx) =e ) gww(tax) =0.
Substituting into our formula for d X (t) we get that,

d(e "X (1)) = —re "X (t)dt + e (rX (£)dt + A(t) (o — r)S(t)dt + A(t)aS(t)dW (t))
= —re "X (t)dt + re " X (t)dt + A(t) (o — 1)e IS (t)dt + A(t)aeTHS(t)dW (t)
=A(t)(a —r)e " S(t)dt + A(t)oe " S (t)dW (t).

Notice that if we A(t)d(e~"*S(t)), we get exactly d(e~"* X (t)), thus we can write that,
de”"X (1)) = A(t)d(e " S(1)).

This means that once everything is measured in units of the money market account, the only source of change in portfolio value is
the change in the discounted stock price. The cash account no longer explicit appears because discounting has already removed its
deterministic accumulation.
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2.11.3 Evolution of Option Value

Recall our stock-price model dS(t) = aS(t)dt + oS(t)dW (t). Moreover, suppose that at time ¢, an option’s price is a deterministic
function of time ¢ and z (stock price) i.e., c(t, x). If at time ¢ the stock price happens to be equal to x, then the option value is ¢(¢, x).
Since the actual stock price at time ¢ is S(t) which is a random variable, then the option value process can be defined as ¢(t, S(t)).

While ¢(¢, z) is not random, ¢(t, S(t)) is random because S(t) is random.

2.11.4 Differential of Option-Value Process

Because ¢ depends on ¢,z and because x := S(t), we will apply Ito’s formula.
For a sufficiently smooth function ¢(t, ) Ito says,

de(t, S(t)) = cu(t, S())dt + cu(t, S(£))dS(t) + %cm(t, S(t))dS(t)dS(t)

= ¢y (¢, S(t))dt + c,(t, S(t))(aS(t)dt + o S(t)dW (t)) + %sz(t, S(t))dS(t)dS(t).
As we stated before,
dS(£)dS(t) = (aS(t)dt + o S()dW ())* = oS (t)%dt* + 2008 (t)2dtdW (t) + 025 ()2 dW (t)2.
Because dt? = dtdW (t) = 0 and dW (¢)? = dt, we see that the first two terms vanish and only,
dS(t)dS(t) = o%S(t)?dt,
remains. Thus, substituting this into our expanded formulation for dc(¢, S(t)) we get that,
de(t, S(t)) = ci(t, S(t))dt + co(t, S(t)) (aS(t)dt + aS(t)dW (t)) + %Czw(t, S(t))o?S(t)*dt

= c4(t,5(t)) dt + aS(t)cy(t, S(t)) dt + o S(t)c(t, S(t)) dW (t) + %aQS(t)Qcm(t, S(t))dt

= lei(t,S(t)) + aS(t)ea(t, S(t)) + %U2S(t)2cmz(t, S(t)| dt + aS(t)c.(t, S(t))dW (t).
Now, let’s derive the discounted option-price dynamics i.e., compute d(e"*c(t, S(t)).

We will apply Ito to the function f(¢,2) = e~ "z starting with computing the partial derivative of f,

g —rtp\ Tt 72 —rt, N _ _—rt -
O ea) = re e, by = D) = fulta) =0

Applying Ito’s formula to f(¢,c(¢, S(¢))) and substituting the partials gives us,

ft(t7 I) =

) dt + fo(t,c(t,S(t))) de(t, S(t)) + %fm(t,c(t,S(t))) de(t, S(t)) de(t, S(t))
) dt + fo(t,c(t,S(t))) de(t, S(t))
t))dt +e " de(t, S(t))

d(e"e(t, S(1))) = fult, e(t, S(1)
= fi(t, c(t, S(t)

= —re "c(t, S
= —re "c(t, S

+e < [Ct(t, S(t)) + aS(t)c.(t, S(t)) + %UQS(t)QCxx(t, S(t))] dt + oS (t)c,(t, S(t)) dW(t))

= —re "e(t,S(t)) dt + e " | ci(t, S(t)) + aS(t)cu(t, S(t)) + %UZS(t)Qme(t, S(t))] dt
+e oS (t) e (t, S(t)) dW ()

=e "t {r c(t, S(t)) + c(t, S(t)) + aS(t)ea(t, S(t) + %UQS(t)zcm(t, S(t))] dt
+e oS () (t, S(t)) dW (t).

In the 2nd line, f,, = 0 so the last term disappears.
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Remark 2.9. The option value is a function of ¢ and S(¢) so it changes because of the explicit passage of time, represented by c;dt

and movement in the stock price, represented by ¢, dS and %cm (dS)? terms. After discounting, an extra —7c term appears because

—rt

multiplying by e™"* removes the risk-free growth rate from the value process.

2.11.5 Black-Scholes-Merton PDE

Recall that we have the following three discounted equations,
d(eiTtX(t)) A(t)d(eirts(t))a
d(e™8()) = (o — r)e " S (1)t + e T S(HAW (1),
d(e™" X (1) = A(t) (o = r)e TS (B)dt + A(t)oe T S(t)dW (1),

Moreover, we have computed the discounted option-value as,
1
d(e "c(t,S(t))) = e " | —rc(t, S(t)) + ci(t, S(t)) + aS(t)ca(t, S(t)) + 5a?S(t)Zcm(t, S(t))| dt+e "o S(t)c, (t, S(t))dW (t).

We aim to devise a trading strategy A(t) such that the portfolio replicates the option i.e., X () equals the option-value process
c(t,S(t)) at every timestep ¢ € [0, T]. Recall that we get this if e """ X () = e~ "c(t, S(t)) for all ¢ which is equivalent to saying
X(t) = c(t, S(t)). The rationale for comparing discounted processes rather than original ones is because discounting removes the
trivial risk-free accumulation. After discounting, the only thing left is the true risky evolution.

To ensure equality, we require that,
d(e "X (t)) = d(e "c(t, S(t))), forallt e [0,T).

We also trivially impose that X (0) = ¢(0,.5(0)). If two continuous semi-martingales have the same initial value and the same
differential at every time ¢, then their increments over every time interval are the same. Thus, integrating from 0 to ¢ gives us,

¢ ¢
/ dle™™X (u)) = / de ™ c(u, S(u))) = e "X (t) — X(0) = e "c(t, S(t))) — ¢(0,5(0)).
0 0
Given that X (0) = ¢(0,.5(0)) we can cancel these terms and get e """ X () = e "'c(¢, S(t)) which means that X (t) = c(t, S(t)).
Matching the discounted differentials and the initial value is exactly what makes the portfolio replicate the option.

Equating the discounted differential formulas gives us,
A(t) (o —r)e " S(t)dt + A(t)oe " S(t)dW (t)

= [—rc(t, S(t)) + eolt, S(t)) + aS(t)ea(t, S(1) + %UQS(t)Qcm(t, S(t))} dt+ e aS(t)ey(t, S()dW (1).

Since e~ > 0 dividing both sides by e ™" gives us,
A(t) (o —r)S(t)dt + A(t)oS(t)dW (t)

= {—rc(t, S(t)) 4+ ce(t, S(t)) + aS(t)ea(t, S(t)) + %UQS(t)Qcm(t, S(t))] dt + aS(t)e, (¢, S(t))dW (¢).

Notice that both the right and left sides of the equality have one d¢ term and one dW (¢) term. For the differentials to be equal
for all ¢, the dW (¢) and dt coefficients must match. Fundamentally, dWW (¢) and dt are different objects. d¢ represents predictable
finite-variation drift whilst dW () represents martingale noise. A non-zero Brownian shock cannot be canceled by a drift term and
vice versa. On the LHS, the dW (t) coefficient is,
A(t)aS(t),
and on the RHS, the dW (¢) coefficient is,
oS (t)es(tS(t)).
Equating the two sides gives us,
A(t)oS(t) = oS(t)cs(t, S(t)).
Assuming the o, S(t) > 0, dividing both sides by o S(¢) tells us that A(t) = ¢, (¢, S(t)). ¢ (¢, S(t)) is also known as the delta of an
option, so we have effectively identified the delta-hedging rule. The quantity ¢, (¢, S(¢)) is the derivative of the option value wrt
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the stock price evaluated at the current stock price measuring local sensitivity of the option price to a small change in the stock
ie, c(t,S(t)+ h) —c(t,S(t)) = ci(t,S(t)) - h. Thus, if the stock moves by a small amount, dS(t), then the option value changes
approximately by ¢, (¢, S(t))dS(t). If our portfolio holds A(¢) shares of stock, then its stock component changes by A(¢)S(t). In
order to make the random Brownian part of the portfolio move exactly like the option, we therefore choose A(t) = ¢, (t, S(t)).

Moreover, A(t)(a — 1)S(t) is the dt coefficient on the LHS and the RHS yields,

—re(t, S(t)) + i (t, S(t)) + aS(t)e (¢, S(t)) + %02S(t)20m(t, S(t)).

Equating the dt drift terms gives,

A(t)(a—1)S(t) = —rc(t, S(t)) + (¢, S(t)) + aS(t)c. (¢, S(t)) + %U2S(t)20mx(t, S(t)).

Substituting A(t) = ¢, (t, S(t)) we get the LHS to be ¢, (t, S(t))(a — r)S(t) so our equality above becomes,
(@ —1)S(t)ea(t, S(t)) = —rc(t, S(t)) + ci(t, S(t)) + aS(t)cy(t, S(t)) + %JQS(t)zcm(t, S(t))
aS(t)e(t, S(t)) — rS(t)ca(t, S(t)) = —re(t, S(t)) + ci(t, S(t)) + aS(t)c.(t, S(t)) + %02S(t)2czm(t, S(t)).
Adding rc(t, S(t)) to both sides we get,
—rS(t)eg (t, S(t)) = —re(t, S(t)) + ci(t, S(t)) + %JQS(t)QcM(t, S(t))
re(t, S(8)) = en(t, S(1)) + rS(t)ea(t, S(1)) + %U2S(t)2cm(t, S()).

Since this must hold for every ¢ and along every sampled stock path, the natural conclusion is that the deterministic function ¢(¢, x)
must satisfy for all ¢ € [0,7] and x > 0,

2

1
ct(t, ) + rae, (t, x) + 50233 Cee(t, ) = re(t, x).

Remark 2.10. At a first glance, since the stock itself evolves under physical drift &« we may be led to believe that the option price
should depend on it as well. However, after constructing a self-financing portfolio that replicates the option’s randomness, the
random risk is hedged away. After matching the dW (t) terms with A(t) = ¢, (¢, S(¢)), the only remaining condition comes from
the deterministic drift of a locally riskless position which must earn risk-free rate r and not the stock’s expected return cv.

The option price is determined by replication and absence of arbitrage, not by the stock’s physical expected return.

2.11.6 Terminal Condition of BS-Merton PDE

A European call has payoff (S(T') — K)7 so the option value at expiration must equal that payoff ¢(T', z) = (z — K)*. Equivalently,
along the realized stock path, ¢(T, S(T)) = (S(T) — K)*. So, our option pricing problem is to find a smooth function (¢, x)
satisfying,
1
ct(t,x) + raeg(t, x) + 50'2.%'2611(157 x) = rc(t, x),
for 0 <t < T and z > 0 together with ¢(T,z) = (x — K)*.

Assume that we found such ¢(¢, z). Consider a portfolio that starts with initial capital X (0) = ¢(0,.5(0)) and at each time holds
A(t) = ¢, (t, S(t)) shares of stock. By construction, the dW (t) terms (as we saw before) match. Moreover, since c satisfies the BS
PDE and the dt terms match, we have that,

d(e™t X (1)) = d(e"te(t, S(1))).

Integrating from 0 to ¢,
e "X (t) — X(0) = e "e(t, S(t)) — (0, 5(0)).

Multiplying both sides by e"* gives X (t) = c(t,S(t)) for all t € [0,T]. Specifically, if we take t = T (terminal time T'), then
X(T) =¢(T,5(T)) = (S(T) — K)* ie., a short position in the option can be perfectly hedged.
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If you sell the option at time 0 and use the proceeds to set up the replicating strategy, then no matter what stock path occurs, the
portfolio value at maturity will equal the amount owed on the option.

Remark 2.11. My solution to Exercise 1.8.5 provides a probabilistic solution to the Black-Scholes-Merton PDE.

Theorem 2.8 (Black-Scholes—Merton Pricing Formula). Let (S;);>0 denote the price of a non—dividend paying asset following the

geometric Brownian motion
dSt = TSt dt + O'St th

under the risk—neutral measure Q, where r is the constant risk—free interest rate, ¢ > 0 is the constant volatility, and (W) is a standard
Brownian motion. Consider a European call option with strike K and maturity T, whose payoff is

(St — K)*.
Then the arbitrage—free price of the option at time t is given by
C(t,S;) = S¢N(dy) — Ke " T=I N (dy),

where
ln(%) + (r+302) (T —1t)

oV —t ’

Equivalently, this price satisfies the risk—neutral valuation identity

d2:1n(%)+(r—%a2)(T—t) P

d =
! oVl —t

O(t,S,) = EQ [e—“T—”(ST ~K)* ’ st} .
Moreover, C(t, S) is the unique classical solution to the Black—Scholes partial differential equation

a0 1 ,.,0°C  9C
a"‘iUSﬁ"‘TS% 'f'C—O,

subject to the terminal condition
C(T,S)=(S-K)*.

2.11.7 The Greeks

For a European Call option, the Black-Scholes price can be written as c(t,z) = 2N (d,) — Ke """ N(d_) where,

dy =do(T —t,x) = J\/% {ln(x/K) - (r + ;a2> (T — t)} .

Moreover, we can write d_ = d, — o+/T — t. Note that here N is the standard normal cdf and N’ is it’s respective density function
N'(z) = \/%e_zz/ 2. The greeks are simply differentiating the formulation above with respect to z, ¢, and then interpreting the
result geometrically and financially.

Delta. Since c(t,z) = 2N (dy) — Ke "T=YN(d_), to get the delta we differentiate wrt x.

0 0
_ _ —r(T—t)
cx(t, @) o (zN(d+)) o (Ke N(d-)).
Since Ke~"(T=%) does not depend on z, we have that,
od (T od_
co(t, ) = N(dy) + xN’(d_,_)a—; — Ke (T “N’(d_)%.

We now only need the derivatives of d+ with respect to . Notice that the only z-dependence is In(z/K) whose derivative is 1 /.

Thus we have that,
od4 1/z 1 od_ 1

0r  oJT—1t x0T —t O0x  azoJT —1t

We can substitute these into the formula for ¢, which gives us,

! —r(T—t) Nyt
R TON(d) e = N(dy) + ) K Nd-)
xzo/T —t xoVT —t oVT —t xoVT —t

co(t, ) = N(dy) + N'(dy)
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To get that ¢, (t,2) = N(d;) we need two extra terms to cancel, that is we need,

N KeTON(d) , e
= — zN'(dy) = Ke "T"ON'(d_).
T =1 wovT—1 wN'(dy) = Ke (d-)

We know that N'(z) = \/%76_22/2 so logically we have that,

N'(dy) Lo 1o _ Lo 2
N’(d,)_eXp —§d+—|—§d_ = exp §(d_—d+) )

We can use the fact that d_ = dy —o\/T — t so then we have that d2 —d2 = (d_ —d;)(d_+dy)andsinced_ —dy = —o/T — ¢

andd_ +d; = U\/%Q In(z/K) + 2r(T — t), note that the +30(T — t) and — 502 (T" — t) terms cancel, we therefore obtain,

& —d? =T 1. zln(x/f\)/%T Y _ oln(a/K) — 2r(T — 1.

Thus we have that 3(d% —d2) = —In(z/K) — r(T — t) so N'(dy)/N'(d_) = LT,

If we simply multiply both sides by N’ (d_) we get,
eN'(dy) = Ke " T=ON'(d_).

Hence the extra terms cancel which gives us ¢, (¢, ) = N(d). This is the delta and is always positive since N(d) € (0, 1).

For a call option, this makes sense since as the stock price rises, the call becomes more valuable so it’s derivative wrt stock price
should be positive. How about the 2nd derivative?

Gamma. The Gamma is the second derivative wrt stock price. Since we saw that ¢, (¢, z) = N(d. ), we can differentiate once
more wrt = to get ¢, (t,2) = N'(d) 85%. We had already computed % =—1

Thus, differentiating once more wrt x gives,

xo/T—t°
od
vo(t, 1) = N'(dy) ——.
Cealt ) = N'(d4) 5
Since we already have what aa%* is, then we have that,
1
N'(dy).

)= —
) = T

Note that because of this, Gamma is always positive because x > 0,0 > 0 and T'— t > 0 and N'(dy) > 0. Thus the call price
is convex as a function of stock price. A positive 2nd derivative means that the graph of « — ¢(¢, z) bends upwards. Thus, the
tangent line at a point lies below the graph away from the tangency point. Thus, if we match the first order stock sensitivity by
shorting delta shares, the residual position benefits from movement in either direction i.e., hence being long gamma.

Theta. Ihave reduced the derivation for theta but it follows the same principles.

ad od_ 1 2 ad 1 2 od_
o / ve4 —rT AT/ ge-_ - —di/2) Y9t —rr [+ _—d= /2| Y¥—
eN'(dy) or +KeTTNd-) or ‘ <\/ﬂe : ) or Ke (\/ﬂe ) or

X eidi/2 3d+ + Kefr'r eid2— /2 8d_ '
V2 or V2T or

And we separately simplify the second coefficient,

d2 _ 2
Ke e 42/2 = Kexp (—7“7' — 2) = Kexp (—rT — 7(d+ ;ﬁ) >

1
= K exp (—TT —3 (d2+ —20\/Tdy + 027))

d2 2
= Kexp (—TT—;+0\ECZ+—027-).
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Computing the exponent term o+/7d explicitly gives us,
In(xz/K) + (r+ 30?7
(7\/>7-d _—a'\/;( (x/ ) (T 2 ) >

G
=In(z/K)+ (r + o).

Substituting this exponent term back gives us,

2 2 2 2

ds d
7T77?+Ofd+7%:7TT7?++IH($/K)+(T+%O'2)T7%
&2 2 2
:—TT_?+1n(x/K)+TT+7_%
d2
K)— -t
In(a/K) - 2.

d2
Ke e /2 = Kexp (ln(x/K) - 2+>
— Keln(m/K)e—di/Q

()

—d2 12

We have that,

Now, returning to the original equation,

dd. od_ _ od. ad_

—eN'(dy) 5 =+ Ke T TN'(d-)

Clearly the theta is negative. This makes sense since for a plain call without dividends, as time passes, there is less opportunity for
the stock to move favorably so time decay hurts the option holder.
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2.11.8 Hedge Portfolio

At time ¢, if the stock price is x, the short-option hedge from the replication argument holds ¢, (¢, ) shares of stock. Since
¢z (t,z) = N(d), then the dollar amount invested in the stock is zc,, (¢, ) = ©N(dy ). The option itself is worth,

c(t,z) =axN(dy) — Ke " T=ON(d_).
Therefore, the amount invested in the money-market account is,
et x) — zep(t,z) = |2N(dy) — Ke " T"IN(d_)| —xzN(dy) = —Ke " T=YN(d_).

So naturally we have that,
ot x) — ey (t,x) = —Ke "T"UN(d_).

This is negative so the hedging portfolio borrows cash. To hedge a short call, you buy some stock and you may need to finance that
purchase by borrowing. Furthmore, suppose we fix a time ¢ and current stock price = and consider the portfolio of one long call and
short ¢, (t, ) shares of stock and put the residual amount in the money market account. The money market amount is chosen to
make the initial portfolio value zero. The call costs ¢(t, 1) so shorting ¢, (¢, z1) shares of stock brings in x¢,(t, 21). Thus, the
leftover cash invested in the money market is M = x1¢,(t,21) — ¢(t, z1).

Therefore the initial portfolio value is,
c(t,x1) — x1c, (6, 1) + M = c(t,x1) — 165 (t, 1) + 2162 (8, 21) — c(t, x1) = 0.

Suppose the stock price jumps instantaneously from z; to some other value 2 and suppose that we do not rebalance immediately.
The money market amount M does not change instantaneously and the call value becomes ¢(¢, ). The short stock position is now
worth —zc, (¢, z1) because we are still short the older number of shares ¢(t, 21 ). Thus the portfolio value becomes,

II(z) = c(t, z) — xex(t,x1) + M.
Substituting and re-arranging we can solve to get,

M = zqc,(t, z1) — c(t, x1)
I(z) = c(t,x) — xep (t,x1) + 210 (L, 21) — (t, 21)
=c(t,x) — cp(t,x1)(x — 21) — c(t, x1)

=c(t,z) — (c(t,x1) + co(t, 1) (x — 1)) .

The expression in parentheses is the tangent line to the curve y = ¢(t, ) at 1 so II(x) is the vertical distance between the
option-price curve and its tangent line at ;. Because gamma is positive, the function  — ¢(t, x) is convex. For a convex function
the graph always lies above its tangent line,

c(t,x) > e(t,x1) + cp(t, 1) (x — 1) = (x) > 0.

Note we have equality when & = 21 meaning the portfolio gains value if the stock moves either up or down.

Now we have two other cases to consider.
(i) If the stock falls from z; to x( then the portfolio values becomes,

I(xzg) = c(t,x0) — cu(t, x1) (o — 1) — c(t, x1).

Since g — 1 < 0 then the term —c, (¢, 1)(xzo — x1) is positive. Note that convexity also guarantees that the whole quantity
is positive so the portfolio benefits from an instantaneous drop.

(ii) if the stock rises from x;1 to x5 then the portfolio values becomes,
M(xz2) = c(t,x2) — cu(t, 1) (w2 — 1) — c(t, x1).

The distance between the convex curve and its tangent line and positive so the portfolio also benefits from an instantaneous
rise. The instant it is set up, the first-order sensitivity to the stock is zero.
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The call has delta ¢, (¢, 21) and the short stock position has delta —c, (¢, x1) so the total delta is ¢, (¢, 21) — ¢z (¢, 21) = 0. Thus,
very small stock moves have no first-order effect on the portfolio.

However, what remains is the 2nd-order effect which is govered by Gamma. Since Gamma is positive, the second-order effect is
favorable. You can also see this from a Taylor expansion. For x near 1,

ot 3) = c(t, 21) + e (b, 21) (@ — 1) + %cm(t,cj)(x — )

for some intermediate point ¢. Substituting into the equation for I1(z) since ¢, (¢, () > 0 we get that II(z) > 0 for x # x;. After
neutralizing the linear term, the remaining quadratic term is positive.

2.11.9 Toward Volatility

A long-gamma portfolio profits from movement regardless of direction so its value depends not on whether the stock drifts upward
or downward on average, but on how much it moves around. This is why volatility matters so much. Greater volatility means more
opportunity to realize gains from convexity.

Moreover, this explains why the stock’s drift o does not appearin the BS-PDE. A delta-neutral portfolio eliminates directional
exposure to first order. Once direction is hedged away, what matters for pricing is the magnitude of fluctuations captured by o not
the physical expected return a.. Long gamma typically comes with negative theta as the option holder gains from convexity but
pays for the passage of time. Mathematically, we had derived,

oxr

t,x)=—rKe " T ON@_) - ————
alta) = —rke (d-) - 5=

N'(dy) < 0.

Ast — oo with fixed z, the option value tends to fall. A long-gamma position therefore benefits from realized movement but suffers
from time decay if the stock does not move enough.

Vega. Vega is the derivative of the option wrt volatility. Differentiating gives,

d d_
Co = :cN’(d+)a—+ - Ke*T(T*”N’(d_)a—.
0o 0o
Recall the identity #N’(d) = Ke"(T=Y) N’(d_) which becomes,

od od_
! =+ ==
cszN'(dy) ( 0o do ) '

Since we know that d_ — d; = —o+/T — t then we have that % — 65%* = —v/T —tso 65%* — % = /T —t. Thus,
co(t,x) = xV/T —tN'(dy) > 0.

Higher volatility raises call prices which matches our intuition from long gamma that more volatility means more chance to benefit
from convexity. So the full picture is this. Delta measures first-order sensitivity to stock price. Gamma measures curvature and tells
you whether a delta-neutral position benefits from stock movement. Theta measures time decay and is typically negative for a long
call. Vega measures sensitivity to volatility and is positive for a long call.

The economic reason these fit together is that an option is a convex claim: convexity is valuable when the underlying moves a lot,
but that convexity costs time value, which decays as expiration approaches.
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